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Abstract

An ordered set partition of [n] = {1,2,...,n} is a partition with an ordering on the parts.
let OP,, 1 be the set of ordered set partitions of [n] with & blocks, Godbole, Goyt, Herdan
and Pudwell [4] defined OP,, x(0) to be the set of ordered set partitions in OP,, j avoiding a
permutation pattern o and obtained the formula for |OP,, x(o)| when the pattern o is of length
2. Later, Chen, Dai and Zhou in [2] found a formula algebraically for |OP,, 1(c)| when the
pattern o is of length 3.

In this paper, we define a new pattern avoidance for the set OP,, i, called WOP,, (o), which
includes the questions proposed in [4]. We obtain formulas for |WOP,, ;. (c)| combinatorially for
any o of length < 3. We also study 3 kinds of descent statistics that we defined on OP,, i (o)
for o of length < 3.
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1 Introduction

In [4], Godbole, Goyt, Herdan, and Pudwell begin the study of patterns in ordered set partitions.
In particular, they studied the number of ordered set partitions which avoid certain types of per-
mutations of length 2 and 3. A partition 7 of [n] = {1,...,n} is a family of nonempty, pairwise
disjoint subsets Bi, Ba, ..., By of [n] called parts such that Ule B; = [n]. We let {(7) denote the
number of parts in m and |7| = n denote the size of 7. We let min(B;) denote the minimal element
of B; and we use the convention that we order the parts so that min(B;) < --- < min(By). To
simplify notation, we shall write 7 as By/.../By. Thus we would write m = 134/268/57 for the
set partition 7 of [8] with parts By = {1,3,4}, By = {2,6,8}, and B3 = {5,6}. An ordered set
partition with underlying set partition 7 is just a permutation of the parts of 7, § = B,/ ... /By,
for some permutation ¢ in the symmetric group Sy . For example, § = 57/134/268 is an ordered
set partition of [8] with underlying set partition m = 134/268/57. Given an ordered set partition
0 = By, /... /By, we let the word of ¢, w(d), be the word obtained from ¢ by removing all the
slashes. For example, if 6 = 57/134/268, then w(d) = 57134268. We let OP,, denote the set of
ordered set partitions of [n] and OP,, ;, denote the set of ordered set partitions of [n] with k parts.
If b1, ... by are positive integers, then we let

1. OPp,,...p,) denote the set of ordered set partitions Bi/.../By of by + -+ + by such that
|Bz‘ :bz for i = 1,...,bk,

2. OPy {b,.....h,) denote the set of ordered set partitions T € OP,, such that the size of any part
in 7 is an element of {by,...,b;}, and



3. OP oy denote the set of ordered set partitions 7 of Zle Bib; which has (; parts of size
1 Yk

bi fOl“’iZl,...,k‘.

Note that
UoPuin= U OP yon ooy

n20 B120,...,8,>0
Clearly, Op[bl,.‘.,bk] = (blyﬁvbk)7 ifby +--- 4+ b =n.

Given a sequence of distinct positive integers w = wj ... w,, we let red(w) denote the permutation
in S, obtained from w by replacing the i-th smallest letter in w by i. For example, red(4592) =
2341. Following [4], we say that permutation ¢ = o0;...0; occurs in an ordered set partition
0 = Bi/.../By if and only if there exists 1 < iy < --- < i; < k and bi; € Bi; such that
red(b;, ...b;;) = 0 and J avoids ¢ if o does not occur in J. For example, if § = 57/134/268, then
213 occurs in 0 since red(518) = 213, but ¢ avoids 123 because every element in the first part {5,7}
of 0 is bigger than every element in the second part {1,3,4} of §. If o is a permutation in S,
then we let OP,(«) denote the set of odered set partions of [n] that avoid a. We can then define
OPpn (@), OPp, . pe) (@), OPy a3 (@), and OP(bfl...b£k>(a) in a similar manner. We let

opp(a) = [OPp(a)l,
opni(a) = |OPni(a)l,
oPpby,..b5) (@) = [OPp,,..p,)(a)|; and
Py oy (@) = |OP oy o (@)].

Godbole, Goyt, Herdan, and Pudwell [4] proved a number of interesting results about this quantities.
For example, they showed that

opn k(o) = opn k(123)
for all permutations ¢ of length 3. They also proved that

2

3
0pn,3(123) = op, 3(123) = <T; + g — 2> om 43

and
3(n _ 1)2 (21172)

n—1

0Pn.n—1(123) = n(n+1)

Later, Chen, Dai, and Zhou [2] proved that

n

—x + 2t — 2t + 2620 + 2t% + 21 — dat — 4t + 422 + 4¢2
1 t 123)2F = . 1
2" opns(123)a 2t(x + 1)2(t — 1) (1)

n>1 k=1

The goal of this paper is to study an alternative notion of pattern avoidance in ordered set partitions.
Given an ordered set partition § = By/.../By of [n], let w(d) = wy ... w, denote the word of ¢.
Then we say that a permutation & = a1...a; € Sj occurs in the word of ¢ if there exists
1 <ip <--- <ij <nsuch that red(w;, ... wij) = . Thus « occurs in the word of § if « classically
occurs in w(d). We say that an ordered set partition § word-avoids « if o does not occur in
the word of 6. For example, if § = 57/134/268, we saw that ¢ avoids 123 in the sense of [4], but
clearly 123 occurs in the word of § since red(134) = 123. Then we let WOP,,(«) denote the set of



ordered set partitions which word-avoid a. Similarly, we can define WOP,, x(a), WOPy,  4,1(c),
and W(973<ba1 b5k>(a). Then we let
b,

= [WOP,(a),
IWOP, 1 (a)],
IWOP,....p ()], and
= \WOP<b¢;1mb:k>(a)].

~— — ~— ~—

We will also study the corresponding generating functions

WOP,(t) = 14> wop,(a)t",
n>1
n
WOP,(z,t) = 1+ Zt” wop,, () 2* and
n>1 k=1
W@]P)a (b1, bn}(x7 t,q1,q2,- - . qn) = Z ce Z WOp(bfl,_,bﬁk) (O() tZi=1 bzﬂzxzi:1 Bi qlﬁlq§2 ... qlffk
Bi120 B0 g

Note that wop,, ,(321) = op, x(321). That is, if 321 occurs in the word of an ordered set partition
0, then the occurrences of 3, 2, and 1 must have been in different parts of the partition ¢ so that
321 would occur in ¢ in the sense of Godbole, Goyt, Herdan, and Pudwell. However, for other
o € S3, it is not the case that wop,, (o) = op, k(0). In fact, it will follow from the results of the
this paper that we have the following table of wop,, (o) for o € Ss,

n | wop,(123) | wop,,(132) = wop,,(231) = wop,,(312) = wop,,(213) | wop,,(321)
0 1 1 1

1 1 1 1

2 13 3 3

3 19 11 12

4 | 31 45 56

5 | 113 197 284

6 | 431 903 1516

7 | 1697 4279 8384

8 | 6487 20793 47600

9 | 28161 103049 275808
10 | 117631 518859 1624352

We shall also study refinements of these generating functions by descents. In fact, there are three
different natural notions of descents in an ordered set partition m = By/.../By. That is, we let
des(m) be the number of descents in the word of 7w, w(7w) = wy ... wy,. Thus des(w) = |{i : w; >
wiy1}]. Given two consecutive parts B; and Bji1, we write B; >, B;i; if every element of B; is
greater than every element in B;y; and we write B; >min Bit1 if the minimal element of B; is
greater than the minimal element of B;;;. We shall call elements i such that B; >, B;.1 part-
descents and elements 7 where B; >, B;+1 min-descents. It is easy to see that if B; >, B;i1,
then B; >in Biy1. However, if 7 = 2/13, then 2 >,,;, 13 but it is not the case that 2 >, 13. We



let b;,,,, be the minimum of block B; and b;,,,, be the maximum of block B;, Then we define

des(m) = [{i:w(m); >w(m)iv1} = i bipan > bit1, 5
pdes(m) = [i:B; >p Biya}| = [{i: b, > biy1,,.,}] and
mindes(m) = |{i: B;i >min Bit1}| = {7 : bi,.,,, > bit1,,., -

These three statistics are not equi-distributed on ordered set partitions as the following table for
ordered set partitions of 3 shows.

T des(m)
123
1/23
12/3
1/2/3
13/2
1/3/2
2/13
2/1/3
23/1
2/3/1
3/12

3/1/2
3/2/1
For each type of generating function above, we consider the refined generating function where we

keep track of the number of descents of each type. For example, we shall study the following
generating functions,

o
on
D
2]

(m) | mindes(7)
0

N I Y Y Y Y B Nesl Nell Nen) Nan)
N === == O OO O
N R R R PR =R=RRO OO O

W@chs (ZE, n t) - 14 Z g Z l,f(ﬂ)ydcs(w)’
n>1  7eOPy(a)
W@Pgdes(x,%t) = 14 Ztn Z xf(ﬂ')ypdes(ﬂ'), and
n2l  weOPyn(a)
W@Pgﬁndes (33‘, n t) = 1+ Z m Z xf(ﬂ)ymindes(w)‘
n>l  7eOPy(a)

Similarly, we shall study

W@Pg??bl,m,bk}(m’ Y, t,q1,. .. ,qn) = Z Z t|ﬂ|me(ﬂ')ydes(ﬂ')qlﬁl .. q£k7
B120,....8k >0, TeWOP 81 B (CV)
R
d 3
W®Pg,f;1,...,bk}<w7 Y, t,q1,- - ,qn) = Z Z t|ﬂ|w@(ﬂ')ypdeS(7T)q{31 . q£k7 and

$120,...8 20, TEWOP 5 5, (@)
AR

WORMES et = X D e
£1>0,..., BkZO,WEWOP<b51 bﬁk)(a)
1

The main focus of this paper is the study the generating functions described above where « is S or
S3. One advantage of our notion of word-avoidance in ordered set partitions is that we can employ



standard techniques from the theory of generating functions and the Lagrange Inversion Theorem
to give us nice answers. For example, we shall show that

t+1—/(t+1)2—4t(z +1)
2t(1 + x) ’

1 1\ (n+k
wop,, ;(132) = k<k— 1) (k— 1>,

1 k n+k
WOPy gy (132) = 7 (ﬁl, . ,ﬁk> <n - 1)

where n = Zle b;B; and k = Zle B;.
Similarly, we shall show that

WOP; 39 (7, t) = (2)

and

(1+ 2yt +ayt —t — at) — /(1 + 2yt + zyt — t — xt))2 — 4t(1 — t + ty)(x + yz)
2t(y + zy)

emetrin =) E O

where wop,, (v, 132) = ZWGOPn,k(l?ﬂ) ydes(w(m)),

WOP{$(,y,t) =

and that

2 Preliminaries

The structure of elements in WOP,,(12) and WOP(21) are quite easy to describe. For example,
if = € WOP,,(12), then the word of = must be n(n — 1)...21 and hence # = n/n —1/.../1.
Similarly, if 7 € WOP,,(21), then the word of m must be 12...(n — 1)n and hence m must be of
the form B;/Bs/ ... /By where for each i = 1,...,k — 1, all the elements of B; are smaller than all
the elements of B; 1. It follows that op,, k(21) ( ) because to specify an ordered set partition
m € OP,1(21) with k parts, we need only specify where we need to place k —1 /’s in the n — 1
spaces between the letters of 1...n

Thus ;
WOPS (z,y,t) = 1 + Zy”_lxntn =1+ 1 _a: " (3)
n>1 Yy
and WOPSS® (z, y, t) = WOPY® (2, y, t) = WOP" (2,5, ). Also
WORSS(r,5,t) = 1+ Ztnz ( - 1)xk
n>1 =
-1
— 1ra Y IZ (” ) et
n>1
= 14ty " '1+az)" !
n>1
xt
= 1 _—. 4
Tz t(l+x) )
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and WOPSS® (z,y,t) = WOPS™ (2, y, t) = WOPE™S(z, y, 1).

Next consider the generating functions WOPYS(z,5,t), WOPPS (2,5, t), and WOPTRAS (5 4 )
when a € S for j > 3. There are some obvious symmetries in our situation. Recall that for a
permutation o = o1 ... 0y, the reverse of o, ", is defined by ¢” = 0, ...01 and the complement of
o, 0¢ is defined by 6¢ = (n+1—01)...(n+ 1 —0y). It is easy to see that des(c) = des((c")°).
We can define reverse and complement on ordered set partitions as well. That is, suppose that
m = By/.../By is an ordered set partition of [n]. Then if B; = {a} < a} < --- < aé}, we
let complement of B;, Bf = {(n +1 — a;'») << (n+1-d)) < (n+1-a')}. Then we
define the reverse of m, #", to be By/.../B; and the complement of m, 7¢ to be Bf/.../Bj.
Thus (7")¢ = Bj/.../B{. It is easy to see that if w(7) = wi...wy, then the word of (7")¢
is (n+1—wp)...(n+1—wy) = (w(m)")° Similarly it is easy to see that if B; >, Bjy1, then
Bj, | >, Bf. Thus the operations of reverse-complement show that

Z $€(7T)ydes(7r) — Z xf(ﬂ)ydes(ﬂ) and
TE€EOPp k() TEOPy, 1 ((a7)¢)
Z xf(ﬂ)ypdes(ﬂ) — Z xf(ﬂ)ypdes(ﬂ).
TEOP, k() TEOPy, 1 ((a7)€)

It follows that for all 1 < b; < --- < by,

WOP]35(z, y, ) WOP3,5(z, y, 1),

WOP33 (z,y,t) = WOP5,(2,y,1),
W@IP’T:gQ’{bhm’bs}(x, Yoty qly .oy qs) = W@Pzw,{bl,...,bs}(x’ Y, t,q1,-.-,qs), and
W(@P;?)l,{bl,...,bs}(xa Yt @1, qs) = W©P§12,{b1,...,bs}($,y,t, Gly---5qs)-

t
t

where x is either des or pdes.

Reverse-complement does not always preserve mindes. For example, one can easily see from the
table of values of mindes(w) for m € OPj3 that, it is not the case that

Z xé(ﬂ') ymindes(fr) _ Z xf(ﬂ') ymindes(ﬂ') )
TeOP3(132) T€OP3(213)

In general, reverse and complement by themselves do not preserve these generating functions. For
example, it follows from the same table that

Z :Cf(w)ydes(w) ?é Z xf(ﬂ)ydes(w)’

TEOP,(123) TeOPR(321)
Z :L,Z(ﬂ') ypdes(ﬂ’) ?é Z x@(ﬂ') ypdes(ﬂ’) , and
T€OP(123) TeOPy(321)
Z xﬁ(ﬂ)ymindes(ﬂ) 7& Z :L,Z(ﬂ') ymindes(ﬂ) )
TEOP,(123) TEOP,(321)

Our next theorem will show that

W(O)nga (JJ, Y, t) = W(O)P(Qif% (l‘, Y, t)



and ‘ '
W@Pgﬁ‘;des(x, y,t) = W@Pg}léldes (z,y,t).

Thus there are only three different generating functions of the form W@Pges(x,y,t) for a € Ss.
Similarly, our next theorem will show that for all 1 < by < --- < b,

W(O)Pg?g,{bl,...,bs}(x7 Y, ta q1,-- -, qS) = WQP?T;}{I)LM’()S}(%: Y, t7 q1,- - - 7QS)

and

W@Pgﬁ‘;‘%ﬁ?7...’bs}(x, Yoty qiy .., qs) = W@Pgﬁlﬁ?}iwbs}(m, Yoty qiy .y qs)-
Theorem 1. There is a bijection ¢, : WOP,(312) = WOP,,(213) such that for allm = B/ ... /By €
WOP,(213), ¢n(m) = C1/.../Cr € WOP,(312) where |B;| = |Cy| fori =1,...,k, 1 in posi-
tion k in w(mw) if and only if 1 is in position k in w(¢,(m)), des(w) = des(¢pn(m)), Des(w(m)) =
Des(w(¢n(m))), and mindes(7w) = mindes(¢y, (7)).

Proof. We shall define ¢, : WOP,(312) - WOP,(213) by induction on n. For 1 < n < 2, we
let ¢, be the identity. Now assume that we have defined ¢y : WOP(312) — WOP(213) for
k <n —1. We classify the ordered set partitions 7 in WOP,(312) by the position of 1 in w(m).
First suppose that 1 occurs in position 1 in w(w). If 1 in a part by itself, then 7 is of the form
1/By/ ... /By for some k > 2. In this case, if we subtract 1 for each element in By/ ... /By to obtain
a set partition 7* = B3 /... /B} in WOP,_1(312). Then let ¢,—1(B5/.../B;) =C5/.../C} and
let Cy/ ... /C} be result of adding 1 to each element of C5/.../C}. It is easy to see that if we let
on(1/By/.../Bg) =1/Cy/.../Ck, then 1/Cy/ ... /Cy, € WOP1(213), |B;| = |C;| for i = 2,... K,
des(1/Bz/.../By) = des(1/Cy/.../Cy), Des(w(1/Bz/.../By)) = Des(w(1/Cs/.../Cy)), and
mindes(1/By/ ... /By) = mindes(1/Cy/ ... /Ck). If 1 is not in a part by itself, then 7 is of the
form B;/.../By where 1 € By and |B;| > 2. In this case, we can remove 1 from B; and sub-
tract 1 for each of the remaining elements to obtain an ordered set partition 7* = B}/.../B}
in WOP,,—1(312). Then let ¢,_1(By/.../B}) = C{/.../C; and let C/.../C} be result of
adding 1 to each element of C7/.../C} and then adding 1 to the first part. Again it is easy to
see that if we let ¢, (B1/.../By) = C1/.../Ck, then Ci/.../Cy € WOP(213), |B;| = |C;] for
i=1,...,k,des(B1/.../By) =des(Ci/.../Cy), Des(w(B1/.../By)) = Des(w(C1/.../Ck)), and
mindes(By/ ... /By) = mindes(Cy/ ... /C}).

Next suppose that 7 € WOP,(312) is such that 1 is position r in w(mw) where » > 2. Then
m must be form By/.../Bj/Bji1/... /By where j > 1 and 1 is the first element in part Bjii.
Since w(m) is 312-avoiding, it must be the case all the elements of By/.../B; are less than all
of the elements Bji1 — {1}, Bj12... By. It follows that B1/.../Bj is a set partition of {2,...,r}
such that w(By/.../Bj) reduces to a 312-avoiding permutation and Bjy1 — {1}/... /By is a set
partition of {r+1,...,n} such that reduction of w(Bj41 ... By) is 312-avoiding. Moreover, r —1 a
descent in w(7) and Bj >min Bj+1. In this case, we let B;f_H/ ... /Bj be the result of subtracting
7 —1 from each element of Bj1 ... By except 1 so that B} /... /By is an ordered set partition of
WOP;,—r+1(312) whose word starts with 1. We let Bf /... /B be the result of subtracting 1 from
each element of By/.../B; so that By/.../B; is an element of WOPj_1(312).

Now let ¢ 1(By/.../Bj)=C1/.../Cxand ¢p_-1(Bj 1/ ... /By) = D1/ ... /Dy—j. We can then
add n—r to each element of Cy/ ... /C; to produce an ordered set partition C7/.../C7 of {n—r+
1,...,n} whose word reduces to 213-avoiding permutation such that des(red(w(C7y/.../C}))) =
des(w(Bi1/ ... /Bj)), Des(red(w(Cy/.../C7))) = Des(w(B1/ ... /B;)), and mindes(Cy/... /CT) =
mindes(B1/.../Bj). Then we let

Gu(m) =Cy/.../C;/D1/ ... [Dy_j.

7



It is easy to see by induction that des(w(w)) = des(w(¢n(m))), Des(w(m)) = Des(w(¢py(7))) and
mindes(7)) = mindes(¢,(7)). Moreover, by construction 1 is in position r in both w(w) and
w(¢pn(m)). The only thing that we have to check is the w(¢y (7)) is 213-avoiding. But this follows
from the fact that all the elements in C7/... /C7 are bigger than all the elements in D1/ ... /Dj_;
and the word of C7 /... /C} reduces to a 213-avoiding permutation and the word of Dy/... /Dy,
is a 231-avoiding permutation. ]

Ao

Ay

A

1 1
WOP,(312) WOP,(213)

Figure 1: Bijection ¢, : WOP,(312) - WOP,(213)

Following is an example that ¢5(3/24/15) = 5/34/12 keeps descents, Descent set of word and
min-descents.

3 O =L &
@ @ 1

Figure 2: m = 3/24/15 € WOP53(312) = ¢5(m) = 5/34/12 € WOP5 3(213)

We end this section with two observations. Suppose that 7 = B/ ... /By € WOP,, 1,(132). First,
we notice that if the last element ¢; of B; is greater than the first element of B;y; so that there is
a descent in w(r) at position >*_, | B[, then it must be the case that min(B;) > min(B;41). That
is, if min(B;) < min(B;41), then min(B;) # ¢; and hence (b;,,,,. , 4i, bi+1,,,,) would reduce to 132. It
follows that for all 7 € WOP,,(132), des(m) = mindes(7) and, hence,

WOP{S$3 (7, y,t) = WOPER (2, y, ¢).

Second, if we let ¢ such that max(B;) > max(B;11) be a max-descent and let maxdes(r) be the
number of max-descent of an ordered set partition 7, then for any # = By /... /By, € WOP,, 1(132),
i is a max-descent if and only if ¢ is a part-descent. Otherwise if b < bit+1,34., then the triple
(Diyins Vimaw s Vit 1mas ) matches pattern 132. Thus,

Tmin

WOPPSS (2, y, 1) = WOPTSAS (2, ¢, £).



3 Computing WOP(z,y,t) for o € S

In this section, we shall derive the generating functions W@Pges(x, y,t) for a € S3. We start by con-
sidering WOPSSS (2, y, ). In this case, we shall classify the ordered set partitions 7 in WOP,,(132)
by the size of last part. That is, suppose that # = B;/.../By where By = {a1 < -+ < ar}.
Then we let A,41 denote the set of elements in By/.../By_1 that are greater that a,, A; denote
the set of elements in B;/.../Bg_1 that are less that a;, and A; denote the set of elements j in
By/.../Bi_1 such that a; > j > a;—q for i = 2,...,r. Since w(w) is 132-avoiding, for any i > 2,
every element y in A; must appear to the left of every element x in A;_; since otherwise xya; would
be an occurrence of 132 in w(m). It follows that the word of m has the structure pictured in Figure
Note that it is possible that any given A; is empty. However, this structure ensures that no
part of m can contain elements two different A;’s so that if A; is non-empty, then A; is a union
of consecutive parts of m, say A; = BY) /../ B](-:). Moreover, if ¢ > 2 and A; # 0, then the last
element of BJ(Z) is a descent in w(w). That is, either Ay,..., A;_1 are empty and there is a descent
from the last element of B](:) to a1 which is the first element of Bj, or one of one of Aq,...,A;_1 is
non-empty. Then we let p be the largest integer » such that 1 <r < ¢ — 1 and A, is non-empty.

Then there is a descent from the last element of BJ(-f) to the first element of the first part of A4,.

ArJrl

A

Aq

By -« « DB, By,

Figure 3: The structure of 1 € WOP,,(132).

Now suppose that B(z,y,t) = WOP{S (x,y,t). Then this structure implies that B(x,y,t) satisfies
the following recursive relation.

B(z,y,t) =1+ at"(1+y(B(z,y,t) — 1)) B(z,y,1). (5)

r>1

In the factor xt" accounts for those ordered set partitions = whose last part is of size r. We get
a factor 1+ y(B(x,y,t) — 1) for A; for i =2,..., 7+ 1 where the 1 accounts for the possibility that
A; is empty and the term y(B(x,y,t) — 1) accounts for the fact that there is descent starting at the
last element of A; if A; is non-empty. Finally the last factor B(x,y,t) corresponds the contribution
over all possible A;.

It follows that
xtB(z,y,t)(1 + y(B(z,y,t) — 1))

1—t(1+y(B(z,y,t) — 1))

B(z,y,t) =1+ (6)



Multiplying both sides of @ by 1 — t(y(B(z,y,t) — 1)) leads to the quadratic equation,
0=(1—t+ty) — Blz,y, t)(1 - 2yt + 2yt — t — ta) + t(zy + y)(B(z, y,1)* (7)

and solving for B(x,y,t) gives that

(1+2yt +ayt —t —tz) — /(1 + 2yt + ayt —t —tx)2 — 4(1 — t + ty)(t(y + 7y))

B(z,y,t) = e ®
If we let f(x,y,t) = B(z,y,t) — 1, then (6) gives that
Fap,t) = o @)+ DO+ y(f(ry 1) o

1- t(l + yf(x, y7t))

The Lagrange Inversion Theorem implies that the coefficient of ¥ in f(z,vy,t), f(x,y,t)| 4, is given
by

F (@9, Dlge = T (@) s

k
where I'(z) = % Using Newton’s binomial theorem, we can compute that
LtF(1 + 2)F(1 + ya)*
f(xa Y, t)|zkt” = 7 k |xk_1t”
E(1—t(14yx))

T =

(L+2)* (14 ya)* (Z (k o 1)758(1 +2y)° | losin s

x| =

— Lo
k—1
1/n—-1 k
- i) 501
7=0
Thus we have the following theorem.

Theorem 2.

WOP$(,y, 1) =

(1+2yt +ayt —t —tx) — /(1 + 2yt + oyt —t —tz)2 — 4(1 — t + ty)(t(y + 2y))
2t(y + yz)

D vy Dol [ R Ee

TEWOP,, 1(132)

(10)

and

.

Below are the first few terms of WOP{SS (x, v, t).

WOP{S5 (2, y, 1) =

T+at+ (x4 A +y)2?)2 + (x4 (24 3y)a? + (1+ 3y + ) +
(x4 (3+6y)2® + 3+ 12y + 6y x> + (1 + 6y + 6% + y3)a)t* +

(z + (4 + 10y)2? + (6 + 30y + 20y%)2> + (4 + 30y + 40y* + 10y*)z*+
(1+ 10y + 20y* + 10y° + y*)2°) £° + - --

10



Setting y = 1 in Theorem [2[ and observing that Z?;é (;‘) (k—q—j) = (Zf’f), we have the following
corollary.
Corollary 3.

(1+t)— /(1 +t)2—4t(1 +2z)

des _
WOP{$5(z, 1,t) = 241+ 2)

(12)

and
n

wopn (132) = ;(k:‘b <ZJ_FII> (13)

Below are the first few terms of WOP{SS (x,1,1).

WOPSS (x,1,t) =

L+t + (v + 2032 + (x + 5% + 52°)8° +

(x4 922 + 2123 + 14ah)t? + (z + 142% + 5623 + 842t 4 422°)1° +

(z 4 20z + 12023 + 3002* 4 3302° + 13225)° 4

(z 4 272 + 22523 + 8252 4 148525 + 128725 + 42927)t7 +

(z + 352 + 38523 + 19252 + 500525 + 70072 + 500527 4 14302%)t +

(z + 442 + 6162 + 4004z + 140142° 4 2802820 + 3203227 + 194482° + 486227)t? + - -

It follows from Theorem [2| that wop,,(132) is the number of rooted planar trees with n + 1 leaves
that have no vertices of out degree 1. The reason is that the generating function F' of both objects
when only track object size n satisfies the recursion that

F(t)=1+> t"F(t)""".
r>1

A bijection follows naturally from the generating function. Figure [ shows an example of the
bijection. Based on the recursion, the number of non-leaves is equal to the number of blocks of
the ordered set partition, and the number of out degree of the root is equal to (the size of the last

block)+1 of the ordered set partition.
(2 @ @) () ()
CEIRIEE <= @ ) @
(13)

Figure 4: Bijection between WOP,,(132) and rooted planar trees with no vertices out degree 1

Given any sequence of positive numbers 1 < by < by < - -+ < b, we let

A=Az, y, t,q1,...,q9s) = W@P(llgi{bhmbs}(:r, Yoty qly - qs)-

It follows from the block structure pictured in Figure [3| that

A=1+) zgt" (14 y(A-1)"A.
i=1

11



If we set F' = F(z,y,t,q1,...,qs) = A(x,y,t,q1,...,qs) — 1, then we see that

S
F=x(F+1)) gt"(1+yF)"
=1

It follows from Lagrange Inversion that
1
F|:ck = %5k(x)|xk*1

where 0(z) = (z+ 1) Y5, ¢it% (1 + yz)¥. Thus

1 k
Flaw = per0f 3 (5 Jetaeni ) uawnqz b

a; >0
a1+-tas=k

S CEAEAD S Y ) (I

ay+-tag=k
a1b+-apbpy=n

ok n k 5

k—1—j § : | | 2
. (j)(k—l—j>y (ozl,...,ozs>, 4 -
=0 =1

a1 +tas=k
a1bi+-apbg=n

=
<

If " a;b; = n, then taking the coefficient of g7 ... ¢%* on both sides of the above expression yields
the following theorem.
Theorem 4. Suppose that 0 < by <--- <bs, >0 | =k, and Y a;b; =n. Then

k—1
1 k k n 4
z : des(m) _ = k=1—j
Y k<a17"'7as) Z<]><k_1_]>y

wEWOPw?lmb?S)(liﬁ) Jj=0

Setting y = 1 in Theorem I and observing that Z ( )(k I J) = ("+k) yields the following
corollary.
Corollary 5. Suppose that 0 < by < --- <bs, > ;i =k, and Y., a;b; =n. Then

n+k k
wopger ey (132) = % <k - 1) <a1, . ,a5>’

Next we turn our attention to ordered set partitions 7 such that w(w) avoids 123. In this case,
all the parts of m must be of size 1 or 2 since any part B of size £k > 3 immediately yields an
consecutive increasing sequence of size k in the word of its ordered set partition.

Thus we will compute the generating function

WG)P?S%,{I,Q} (',1"7 Y, t,q, Q2) = Z ydes(ﬂ)tk+2£xk+fqlfqg.
TEWOP(1k2¢)

To compute W(O)P1237{172}(a:,y,t,q1, ¢2), we must first review a bijection of Deutsch and Elizalde
between 123-avoiding permutations and Dyck paths.

12



Given an n xn chessboard , we set the origin (0, 0) at the lower left corner, and label the coordinates
of the columns from left to right with 0,1,...,n and the coordinates of the rows from bottom to
top with 0,1...,n. A Dyck path is a path made up of unit down-steps D and unit right-steps R
which starts at (0,n), which is at the bottom right-hand corner, and ends at (n,0), which is at the
top left-hand corner, has stays on or below the diagonal x = y. Given a Dyck path P, we let

Return(P) = {i > 1: P goes through the point (i,n —1i)}
and we let return(P) = |Return(P)|. For example, for the Dyck path
P=DDRDDRRRDDRDRDRRDR

shown on the right in Figure [5, Return(P) = {4,8,9} and return(P) = 3.

Given any permutation o = o1...0, € S,(123), we write it on our n x n chessboard by placing
o; in the i*" column and a,?h row, reading from bottom to top. Then, we shade the cells to the
north-east of the cell that contains o;. The path ¥(o) is the path that goes along the south-west
boundary of the shaded cells. For example, this process is pictured in Figure [5| for the permutation
o = 869743251 € S9(123) which maps to the Dyck path DDRDDRRRDDRDRDRRDR.

9

Figure 5: S,,(123) to D,

Given any Dyck path P, we construct U—!(P) = g123(P) as follows. First we place an “x” in every
outer corner of P. Then we consider the rows and columns which do not have a x. Processing
the columns from top to bottom and the rows from left to right, we place an x in the itt empty
row and i*" empty column. This process is pictured in Figure @ The details that ¥ is bijection
between S5, (123) and D,, can be found in [3].

We shall classify the ordered set partitions m € WOP,,(123) by the first return (from left to right)
of the path U(w(w)) = P. Suppose that the first return of the path P is at the point (n — k, k),
then the path P is divided by the first return into 2 paths, path DAR and path B, as shown in
Figure 7| (a). The numbers in the corners above the point (n — k, k) must come from {k+1,...n}.
Because we place the xs in the columns which are not occupied by the xs in the outer corners of
P, in a decreasing manner, reading from left to right, it follows that by the time we have reached
column n — k, we must have used all the numbers {k + 1,...,n}. This means that there can be
no xs in the red area of the diagram so that all the xs in the last k£ columns must lie in lower k
rows. In particular, this implies in that in w(n), all the elements in {k + 1,...,n} preceed all the
elements in {1,...,k}. The elements in {k+1,...,n} are based on path DAR and the elements in
{1,...,k} are based on path B, and there is a descent between the last of occurrence of a letter in
{k+1,...,n} in w(m) and the first occurrence of a letter in {1,...,k} in w(w) if £ > 0. Hence we

13



Figure 6: D,, to S,(123)

must be able to break any ordered set partition 7 = By/.../B; such that ¥(w(w)) = P into two
parts, By/.../B; which contains all the letters in {k+1,...,n} and B;y1/.../B; which contain all
the letters in {1,...,k}. Let A(x,y,t,q1,q2) = W@P(ligi{m}(x, v, t,q1,q2). It is easy to see that the
contribution to A(x,y,t,q1,g2) by summing over the weights of all possible choices of B;11/.../B;
as k varies over all choices of k > 0 is y(A(z,y,t,q1,q2) — 1) and is equal to 1 if &k = 0.

n

lift (1 (A))

~—

(a) (b)
Figure 7: The first return of P

To analyze the contribution from parts B;/.../B;, we need to work on path DAR, which can be
seen as lifting the path A one unit higher. We let lift(P) be the path DPR. For o € S,,(123) and
P = ¥~1(0), we write lift(c) for the permutation ¥~ (lift(P)) = ¥~1(DPR) € S, 1 corresponding
with path lift(P).

The lifting operation is pictured in Figure[8] We say that a pair of consecutive DR steps is a peak of
a Dyck path, and in the corresponding 123-avoiding permutation, the numbers in rows that contain
peaks are called peaks of a permutation. A number is called non-peak if it is not a peak. It is easy
to see that the peaks of Dyck path P and lift(P) are labeled with the same numbers under W1,
Since we label the rows and columns that do not contain peaks from left to right with the non-peak
numbers in decreasing order under the map ¥~!, we see that n + 1 will be in the column of the
first non-peak and that all the remaining shifts over one to the next column that does not contain
a peak. Figure [§|illustrates the labeling of non-peaks of o = (8,6,9,7,4,3,2,5,1) € Sy(123).

It is not difficult to see that o and lift(o0) have the same Descent set in the first n — 1 positions,

14



and lift(o),, is a descent if and only if o, is a non-peak. It is very important that the lift operation
preserves Descent set in the first n — 1 positions, as we have to break descent positions to transform
a permutation into an ordered set partition. Further, the word of an ordered set partition in
WOP(123) is determined by a pair of Dyck paths, A and B. When analyzing ordered set partition
word-avoiding 123, we simply analyze the small permutations corresponding with path A and B
and discuss a few cases at the first return position.

10
9 919

Figure 8 o = (8,6,9,7,4,3,2,5,1) and lift(c) = (8,6,10,9,4,3,2,7,1,5)

The computation of the contribution to A(x,y,t,q1,q2) from the parts By/.../B; which contains
all the letters in {k +1,...,n} depends on the following four cases.

Case 1. The first return of P is at the point (1,n — 1).

In this case, P starts of DE and n is the first corner. This means that w(w) starts out with
n, i = 1, and By = {n}. It is easy to see that in this case the contribution to A(x,y,t,q1,q2) is
xtqn(14+y(A(z,y,t,q1,92) —1)). That is, if n = 1, then we get a contribution of xtg; and otherwise,
n will cause a descent in w(7) which will give a contribution of ztq1y(A(z,y,t, q1,q2) — 1).

Case 2. The first return of P is at the point (2,n — 2).

In this case, P starts of DDEE, n — 1 is the first corner of P and n in the square (2,n) so
that w(m) starts out with (n — 1)n. Then it is either the case that ¢ = 2, By = {n — 1}, and
By ={n} ori=1and By = {n—1,n}. It is easy to see that in the first case, the contribution
to A(z,y,t,q1,q2) is 2*2¢2(1 + y(A(x,y,t,q1,q2) — 1). That is, if n = 2, then we get a contri-
bution of #?t2¢} and otherwise, n will cause a descent in w(7) which will give a contribution of
22t2¢3 (y(A(z,y,t,q1,q2) — 1). Similarly, in the second case the contribution to A(x,y,t,q1,q2) is
ot?2qo(1 4+ y(A(x,y,t,q1,q2) — 1)). Thus the total contribution to A(z,y,t,q1,g2) from Case 2 is

(1"21;26]% + J"tQQQ)(l + y(A(J") Y, tu q1, QQ) - 1))
Case 3. k<n—2and k+1isin columnn —k — 1.
In this case, we have the situation pictured in Figure@ Thus w(w) = wy ... w, where w, 1 = k+1

and w,_ = p where k+1 < p. It follows that either B; = {k+1,p} or B;_; = {k+1} and B; = {p}.
We claim that the contribution to A(x,y,t,q1,q2) in the first case where B; = {k + 1,p} is

y(A(z,y,t,q1,02) — Dat’ g1+ y(Alz, v, t.q1, ¢2) — 1)).
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That is, the first factor of y comes from the fact that there is a descent caused by the last ele-
ment of B;_1 and the first element of B; which is k + 1. The next factor (A(x,y,t,q1,q2) — 1)
comes from summing over the weights of the reductions of By/.../B;_1 over all possible choices
of By/.../B;_1. The factor xt>qy comes from B;. If B; 1/ ... /Bj is empty then we get a factor of
1 and, if Bj41/.../B; is not empty, then we get a factor of y coming from the descents between
the last element of B; and the first element of B;11 and a factor of (A(x,y,t,q1,q2) — 1) coming
summing the weights over all possible choices of Bij;1/ ... /B;.

A similar reasoning will show that the contribution to A(z,y,t,q1, g2) in the first case where B;_1 =
{k+1} and B; = {p} is

y(A(x7 Y, ta q1, QQ) - 1)‘T2tZQ%(1 + y(A(fL', Y, t7 q1, q2) - 1))

Thus the total contribution to A(zx,y,t,q1,q2) in Case 3 is

y(A(.'L’7 Y, t7 q1, QQ) - 1)($tQQQ + x2t2Q%)(1 + y(A(‘T7 Y, ta q1, QQ) - 1))

k+N(n — k, k

Figure 9: The situation in Case 3.

Case 4. k<n—2and k+ 1 is in column r where r <n — k — 1.

In this case, we have the situation pictured in Figure Thus w(7) = wy ... w, where w, = k+1
and wy41 ... wy_g is a decreasing sequence of length at least 2. In this situation, B; must be a
singleton part {w,_r}. We claim that the contribution to A(x,y,t,qi1,q2) from the ordered set
partitions in Case 4 is

y(A(LIT, Y, t7 qi1, QZ) -1- xt@h - .’Eth1 (A($’ Y, tu q1, (_IQ) - 1))xtQ1(1 + y(A(‘T) Y, ta q1, QZ) - 1))

That is, the first factor of ¥ comes from the fact that there is a descent caused by the last element of
B;_1 and the element in B;. The next factor comes summing over the weights of the reductions of
Bi/.../Bj_1 over all possible choices of By/ ... /B;_1. It is not difficult to see that this corresponds
to the sum of the weights over all non-empty ordered set partitions m where 1 is not the last element
of the word of 7. Let

An (x7 Y,q1, QQ) - Z xf(rr) ydeS(w(ﬂ))Q$ne(ﬂ)q;WO(7r) .
TEWOP,(123)

where one(7) is the number of parts of size 1 in 7 and two(7) is the number of parts of size 2 in
m. It is easy to see that A, (x,y,q1,q2) — xytq1 An—1(2,y,q1,q2) is the weight over all ordered set
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partition 7 of size n such that 1 is not the last element of the word of w. Thus the sum of the
weights over all non-empty ordered set partitions 7 where 1 is not the last element of the word of
T equals

D (An(@,y,q1,42) — ywtq An 1 (2, Y, 41, 42)) =
n>2

(A([I}, yata q1, q2> —-1- Q1xt) - yxtQ1(A(fE, yatv q1, q2) - 1)

Finally we get a factor of 1 if B;y1/.../B; is empty and a factor of y(A(z,y,t,q1,¢2) — 1) over all
possible choices of Biy1/.../Bj if Biy1/.../Bj is non-empty.

n

k41 n—kk

Figure 10: The situation in Case 4.

Summing the contributions from Cases 1-4, we see that

A('CC7 Y, tu q1, QQ) =1 + (y - 1)2(Q1$t + Q237t2 - Q%x2t2(y - 1)) -
2A(x,y. t, 41, 42) (y(y — (et + goat? — ot (y — 1)) +
A(.’IJ, Y, tv q1, QQ)QyQ(qlxt + CI2$752 - Q%x2t2 (y - 1)) (14)

Because involves both linear and quadratic terms in x, we can not apply the Lagrange Inversion
Theorem to get an explicit formula for W@]P"ligg’ {1’2}(;10, Y, t,q1,q2)| k. Nevertheless, gives us a
quadratic equation which we can solve for A(x,y,t,q1,q2) to prove the following theorem.

Theorem 6.

P<$ayat7Q1>QQ) - \/Q(x7y7t7 q17q2)
R(x7y7t7q1aQZ)

W@Ptll;?’;,{lﬂ}(xv Y, 1, q1, q2) =

where
P(z,y,t,q1,q2) = 14+ 2y(y — Dqrat + 2y(y — 1)goat® — 2y(y — 1)%¢*?,
Qz,y,t,q1,q2) = 1—4dyqat — dygaet® + 4(y(y — 1)gix*t*, and
R(z,y,t,q1,q2) = 2y°quat + 2y qoat® — 2y>(y — 1)qfa’t>.

We can then use Theorem |§| to find the first few terms of WOP 93 11 93(, ¥, 1, q1,g2). That is,
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W@Pféé,m}(az Y, t,q1,q2) =

L+ (o)t + (g + (¢F + Gy)a®)t* +

(4q1q292° + (Aq3y + giy*)a™)t +

(23y2® + (43 qay + 22 + 244y + 11gMy® + ¢hy)a)et +

(15q1635%2° + (3043 qa1® + 263 qoy°) 2t + (156592 + 26459° + @ y*)a®)t® + - -

Setting y = 1 in WOP; 93 (1 2} (2,9, t,q1,q2) gives us the following corollary.
Corollary 7.

1—/1—4tz(q1 + 2q2)
1 ny £(r) one(m) two(m) _
IPPLNP PR 2alar + 242)

)

n>l  7eWOP,(123)

and the coefficient

2 1 200 + 202\ faq + a2
WOD (ja1 gaz) (123) = ar+as+ 1\ oq + as aq 7

1 (2k\ [ &k
WO, ;(123) = WOP(y2e—n gn-r(123) = 7—— < k > <n — k)

Proof. Let A123(z,t,q1,q2) = WOP193 11 23(%, 1,, g1, g2), then the recursion becomes

A123($7 t,q1, Q2) =1+ tQIxA%ZS(xv t,q1, q2> + tq?xQA%23($> t,q1, Q2)'

The formula for Aje3(x,t,q1,¢2) is obtained by solving the quadratic equation, and the formula for

the coefficients are obtained by applying Lagrange Inversion.

Thus, we can calculate the number of ordered set partitions in WOP,,(123) with certain numbers
of blocks of size 1 and size 2. Now we give a formula for the number of ordered set partitions in

OPn(123) with a certain block size composition. In [4], Godbole, et al. showed that

OP[by,...bi,big1,.,0k] (321) = OP[by,....bi11,bi-...bx] (321)

by constructing a bijective map between OPp,, 4. 4.1 . 5,](321) and OPy, 5.1 ;... (321).

For our new definition of pattern avoidance, We prove the similar result that the order of block
sizes in block size composition won’t make a difference to wopyp,  5,1(123), and then we calculate

the formula for wopp,  4,1(123).

Theorem 8. We have

WOD[b, .. bisbis 10bi] (123) = WODR b b e] (123)

and
Wop[bl,...,bi,bi+1,...,bk] (321) = Wop[bl,...,bi+1,bi...,bk] (321)

18



Proof. The second equation is included in the bijection constructed by Godbole, et al. that

Wop[bl7~--7biybi+17--wbk](321) = Op[bl7~--7bi’bi+1:--~7bk](321)
OP[by,....bi41,bi,...b] (321)
- Wop[b17...,bi+1,bi,...,bk}(321)'

For the first equation, we prove by a bijection.

For a block size composition B = [b1,...,b;, bit+1,...,bx], since we are considering the 123-avoiding
ordered set partitions, all the blocks are of size either 1 or 2. We only need to show equality in 2
cases.

(1) If b = bit1 = 1 or 2, then opy
same enumerations.

blv--~7bi,bi+1:--~7bk](123) and Op[bl,~--»bi+17bi7~--,bk](123) are exactly the

(2) If b; # biy1, then without loss of generality, we suppose b; = 1 and b; 1 = 2. We show that there
is a bijective map between WOPIby,...,1,2,...,b;](123) and WOPIby,...,2,1,...,bg](123).
We suppose the 3 integers filled in blocks b; and b;41 are a; < as < as. Since there is no 123
pattern-match, there are only 2 possible fillings for both [...,1,2,...] and [...,2,1,...] cases.
They are ag/ajas and as/ajag for [...,1,2,...], asas/a; and ajas/ag for [...,2,1,...]. We
construct a map, as showed in Figure mapping as/ajas to agsas/a; and as/ajas to ajas/as.

as ai|as < ai|as a

as ailas <~ aslas aq

[...1,2,..] [..,2,1,..]

Figure 11: Bijection between WOP,, 12 . 4,1(123) and WOP,, 91, ,1(123).

It is not difficult to check that the map is bijective and preserves 123-avoiding condition. Thus
Wop[bl,...,bi,bprl,...,bk} (321) = Wop[bl,...,b¢+1,bi...,bk} (321) D

The formula about wopp, 4, 5. ,.....5,] (123) follows the bijection.

Theorem 9. For any composition [by, ..., bg](b; € {1,2}), we have
Wop[b1,...,bk](123) = Ck;,

here C), = %H (zkk) is the k™ Catalan number.

Proof. Let a; be the number of 1’s and ay be the number of 2’s in [by,...,bg]. From Corollary
we have the formula

03) 1 201 + 2a0) (a1 + a2
wop(en 2 (123) = T e ) s ar )
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Since the order of block sizes won’t make a difference to wopyp, | 5,1(123) and there are (O‘ljo‘z)

ways to permute the block size, we have

1 201 +2a2)\ (a1taz
1 2 2 1 2k
b, b (123) = arrortt Carron) (™) _ ( a1+ a2> - ( ) = Cj.

----- (061:1@2) S art a1\ og +an k+1\k

O

Setting y = 1 = g2 = 1 in WOP193 (1 91(2,9,t, 41, 2) gives us the following corollary.
Corollary 10.
1= — 472

2(wt + 212)

n>l  weWOP,(123)
The initial terms of the series 1+ -, t" ZweWOPn(lz?,) 24m) are

14 ot + (x4 222)% + (4a® + 5232 + (222 + 1523 + 14ttt +
(1523 + 562 4 4225)° + (523 4 84a* + 21025 + 1322%)2° +
(562 4 42025 + 7922° + 42927)¢7 +

(142 + 42025 + 19802° + 300327 + 14302%)2® +

(21025 + 264025 + 900927 4 1144028 + 48622%)t? + - - -

We pause to make some observations about some special cases of elements of WOP,,(123). First
consider the case of ordered set partitions in WOP,,(123) where every part has size 1. In this case,
we are just considering the generating function of yd¢(?) over all 123-avoiding permutations. We
can obtain this generating function from WOP 93 (1,9}(,¥,1,q1,¢2) by setting z equal to 1/z, t
equal to tx, and then setting x = 0. We carried out these steps in Mathematica and obtained the
following corollary which was first proved by Barnabei, Bonetti, and Silimbani [IJ.

Corollary 11.

_1 — _ t _1)2 _ — 442 _
LY Y e - 1—2ty(y — 1) + 2t'y(y — 1)* + /1 — 4ty — 4t%y(y — 1)

2(_— —
n>1  ¢€S,(123) 2ty (-1 +t(y — 1))

The first few terms 1 + Zn21 " ZoeSn(123) ydes(@) are

L+t+ 1+ + dy+ )2+ 2y + 1197 + )t +

(1512 4 26y° + y)t° + (5y> + 69> + 57y* + 4°)t° +

(56213 + 2523/4 + 120?J5 + yﬁ)t7 + (14y3 + 364y4 + 804y5 + 247y6 + y7)t8 +
(201y* + 1880y° + 234995 + 5027 + 15)° + - - .

We can do a similar computation starting with the generating function WOPLSS(z,,t) to obtain

the following corollary.
Corollary 12. For any o € {132,231,312,213},

n es(o) 1+ty—1)—/1+t2(y—1)2 -2ty +1
130 3 el = y-1)—-+ 2yt(y ) (y+1)

n>l  oeSy(a)
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The first few terms 1 + Zn21 tr Zaesn(l?a) ydes(@) are

14+t + (1492 + (14 3y + 28 + (1 + 6y + 652 + %)% +

(1 + 10y + 20y% + 10y® + y™)t5 + (1 + 15y + 50y% + 50y® + 15y* + 7)1 +
(1+ 21y + 105y + 175y% + 105y° + 2137 + y*)¢7 +

(1 + 28y + 196y* + 490y> 4 490y + 196y + 28y° + y")t® +

(1+ 36y + 336y> + 1176y" + 1764y" + 1176y° + 336y° + 36y" + y°)t° + - -- .

In this case, the coefficients are the coefficients of the triangle of the Narayana numbers T'(n, k) =
(") (3~1) which is entry A001263 in the OEIS [11].

The final generating function that we shall consider in this section is WOPSS; (x,y,t). Since a
permutation o is 321-avoiding if and only if its reverse ¢” is 123-avoiding, we shall again appeal
to the bijection W of Deutsch and Elizalde between 123-avoiding permutations and Dycks paths
and classify the ordered set partitions 0 whose word avoids 321 by W(w(d)). The main difference
in this case is that we obtain the permutation w(d) by reading the elements in the diagram from
right to left, rather from left to right, and we classify the ordered set partitions by the last return
of ¥(w(d)). In this situation, we have two cases for any 6 € WOP,,(321).

Case 1. The last return of ¥(w(¢)) is at position (n — 1,1) in which case o starts with 1.

In this case, 1 can not be part of an occurrence of 321 in the word of the ordered set partition.
Thus either 1 is in a part by itself in which case we get a contribution of xtWOPLS; (x,y,t) to
W@ngi (z,y,t) or 1 is part of the first part of the ordered set partition arising from the part of the
ordered set partition above and to the left of 1 which will give a contribution of t(WOPSS; (z,y,)—1)
to WOPSSS (2, y,t). Thus the total contribution to WOPSS; (x,y,t) of the ordered set partitions
whose word avoids 321 and starts with 1 is

2t WOPSS; (z, y, t) + t(WOPSS; (2, y.t) — 1).
Case 2. Either ¥(w(d)) has no return or the last return is at position (n — k, k) where k > 1.

Let us first consider the cases of ordered set partitions 6 € WOP,,(321) such that ¥(w(d)) hits the
diagonal only at (0,n) and (n,0) and n > 2. For such ordered set partitions, we have two subcases.

Subcase 2.1 The second element of w(d) equals 1.

In this case, suppose that w(d) = w; ... w, where wy = 1. Then we have the situation pictured in
Figure In this case, since w1 > wy = 1, it must be that case that w; is in a part by itself so that
it will contribute a factor of xyt to the weight of 4. If we remove the row and column containing
wy and keep the same outside corner squares, and possibly re-label the x in the columns with no
outside corner squares by having the x in those columns decrease, reading from left to right, we
will obtain an arbitrary ordered set partition 7 € WOP,,_1(321) such that w(w) starts with 1.
Hence the ordered set partitions in this subcase will contribute a factor of

wyt(ctWOPSS: (2, y, t) + t(WOPSS; (2, y, ) — 1))
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w1

Figure 12: Ordered set partitions in Subcase 2.1.

to WOPSS; (z,, ).

Subcase 2.2

w1

Figure 13: Ordered set partitions in Subcase 2.2.

In this case, suppose that w(d) = w; ... w, where w; = 1 for ¢ > 2. Then we have the situation
pictured in Figure In this case, since w; < wy < --+ < w;_1 > w; = 1, it must be that case
that w; starts a new part in 0. If we remove the row and column containing w; and keep the same
outside corner squares, are possibly re-label the x in the columns with no outside corner squares
by having the x in those column decrease, reading from left to right, we will obtain an arbitrary
ordered set partition m € WOP,,_1(321) such that w(m) does not start with 1. The sum of the
weights of the ordered set partitions m such that w(7) does not start with 1 is

W@ngi (.Z', Y, t) -1- xth@]P)gSi (x7 Y, t) - t(W@ngi (1’, Y, t) - 1)

Then w is either in a part by itself in which case it contributes a factor of xt or is in the part with
wo in which case it contributes a factor of ¢. Hence the ordered set partitions in this subcase will
contribute a factor of

(t + 1) (WOPSS; (2, y, 1) — 1 — eyt WOPSS; (2, y, 1) — L(WOPSS; (2, y, 1) — 1))

to WOPSS; (z, v, ).

Thus the ordered set partitions 6 € WOP,,(321) such that ¥(w(d)) hits the diagonal only at (0,n)
and (n,0) and n > 2 contribute a factor of

NR(z,y,t) = zyt(ctWOPSS; (z, y, t) + t(WOPSS; (2, y,t) — 1))+
(iL‘t + t)(W@ngi (iL‘, Y, t) —-1- xth@ngi (JJ, Y, t) - t(W@)PgSSl ($7 Y, t) - 1)) (15)

to WOPSS; (2,4, ).
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word: 314256897

Figure 14: The general situation in Case 2.

Now consider in the general case in Case 2 where the last return is at (n — k, k) where 1 < k <
n — 1. This situation is pictured in Figure Because we fill the columns which do not have
outside corner cells in a decreasing manner, reading from left to right, it is easy to see that there
can be no x in the cells of the red area in Figure This means that the x corresponding to
1,...,k must all be in the bottom k x k squares. What we don’t know is how the final increasing
sequence of the elements 1,...,k in w(d) union of the initial increasing sequence of the remaining
elements break up into parts in §. For example, in Figure k = 4 and the last increasing
sequence of the elements 1,...,5 in w(d) is 2 and the initial increasing sequence of the remaining
elements is 6,7,9,10. Then we have two cases. The first case is when there is no overlap between
the parts containing 1,...,k and the remaining parts. In this case, we get a contribution of
NR(x,y,t)(WOPLS (z,y,t) — 1) to WOPSS; (,y,t). If there is an overlap, then we need to remove
the x corresponding to the last part in the generating function N R(z,y,t) so that we would get a
contribution of 2D(z,y,t) (WOPSS; (z,y,t) — 1).

It follows that the total contribution to WQOPISS (z,y,t) from the ordered set partitions § €
WOP(321) in Case 2 is

NR(z,y,8) + (1 — é)NR(x,y,t)(W@]P’ggi (. ,8) — 1), (16)

Hence we see that

WOPSS; (z,y,t) = 1+ 2tWOPSS; (z,y,t) + t(WOPSS; (2, y,t) — 1) +
1 es
NR([I}, y7t) + (1 - ;)D(xa y,t)(W@]P€21(.%‘,y,t) - 1)

where NR(z,y,t) is defined as in . This is a quadratic equation in WOPSS; (z, y, t) which we
can solve to obtain the following theorem.

Theorem 13.

WOPSS; (2, y,t) =

26(1+2)(1+ t((z(y — 1) — 1)) — 2 — /22(1 — 4t(1 + 2)) (1 + t((x(y — 1) — 1))
2t(1+ 2)2(1 + t((z(y — 1) — 1))

(17)
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The first few terms of WOPSSS (z, y, t) are as follows.
WOPSS; (2, y,1) = 1+ at + (z + (1 + y)a?)t +
(x4 (2 + 4y)z” + (1 + 4y)a”)t +
(x4 3+ 1ly)a? + (3 + 22y + yH)a® + (1 + 11y + 2%zt +
(z + (44 26y)2* + (6 + 78y + 15y%)z” + (4 + T8y + 30y*)x* + (1 + 26y + 15y%)2°)t° + - -

Setting y = 1 in , we obtain the following corollary which recovers the result of Chen, Dai, and
Zhou [2].

Corollary 14.

202(1 + ) — 2t(1 + 2) — 2 — 2y/1 — 4¢(1 + ) + 4¢2(1 + z)

WOPSS; (v, 1,1) = 20— 1)(1 1 )

. (18)

The recursion that we used to compute W@ngﬁ (z,y,t) does not allow us to control the size of

the parts of the ordered set partitions 7 € WOP,,(321) so that we have not been able to compute

generating functions of the form W@Pf{igf,.“,bk}(% Y, t,q1,...,qE) in general.

4 Generating functions for min-descents

Based on the analysis in Section 2, we need to study the following 5 kinds of generating functions,
WOPHRAS (1 4. 1) = WOPRRS (1,9, 1),
WOPYS (2, y,t) , WOPH (2, y, 1),
WOPHRes (1 4 1), WOPEPS (2, y,1).

We are able to solve the functions WOPR®s (4, 1) and WOPYPS (4, ), and write the func-
tions WOPRRAeS (52 ¢ ¢) = WOPEDAS (1 4, ¢), WOPHDAS (2, ¢) and WOPHES (2 4, t) as roots
of polynomial equations respectively.

4.1 The function WOP(z, y, )

As we observed in Section 2,
WOPES (2, y,t) = WOPERes (5 4 1),

Thus we have the following theorem.
Theorem 15.

WOPEDRAS (g 4y ) = WOPKRAS (5, 4, t) =

(1+2yt+ayt —t —tx) — /(1 + 2yt + ayt —t —tz)2 — 4(1 — t + ty)(t(y + zy))
2t(y + yx)

k—1
. 1/n—-1 k n ;
mindes(7) _ — k—1—j
2 k<k_1>;<j><k_1_j>y |

TEWOP,, 1,(132)

and
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4.2 The function WOPLI(z, y, t)

Next consider WOPSIMes (2 4 ). Let

C, (.T, y> _ Z xf(w)ymindes(ﬂ').
TEWOPL(231)

We can classify the 7 = By/ ... /By, € WOP,(231) by the position ¢ of n in the word of w. Assume
n > 2.

Case 1. i =1.

In this case w(w) starts with n which means that n must be in a part by itself so that B; = {n}.
Then B; will contribute a factor of xy since it will automatically cause a min-descent with Bs.
Thus the ordered set partitions 7 € WOP,,(231) in Case 1 will contribute xyC),_1(z,y) to Cp(z,y).

Case 2. i =n.

In this case w(7) ends with n. Now if n is in a part by itself, then By = {n}. Thus there will not be
a min-descent between Bj_1 and Bj. Hence we will get a contribution of Cj,—1(z,y) in this case. If
n € By where |By| > 2, then we can simply remove n from By, and obtain an ordered set partition
in WOP,(231) with the same number of parts and the same number of min-descents. Thus the
ordered set partitions 7 € WOP,,(231) in Case 2 will contribute (1 + x)C\—1(x,y) to Cp(z,y).

Case 3. 2<i<n-—1.

In this case, n must be the last element in some part B;. Because w(w) is 231-avoiding, it must be
the case that all the elements in By/.../B;—{n} must be less than all the elements in B;y1/ ... /Bj.
If B; = {n}, then B; will contribute a factor of zy since B; will cause a min-descent with B;;1. Our
choices over all possibilities of B;/.../B;—1 will contribute a factor of C;_i(x,y) and our choices
over all possible choices of B;y1/ ... /By will contribute a factor of C),_;(x,y). Thus we will get a
contribution of zyC;_1(z,y)Cph_1(z,y) in this case. If |B;| > 2, then we can eliminate n from B;.
Our choices over all possibilities of By/.../B; — {n} will contribute a factor of C;_;(x,y) and our
choices over all possible choices of B;y1/ ... /By will contribute a factor of C,_;(z,y). Hence we
will get a contribution of Cj_1(z,y)Cp—1(z,y) in this situation. Thus the ordered set partitions
m € WOP,(231) in Case 3 will contribute (1 4+ zy)C;—1(z,y)Cr—i(x,y) to Cp(z,y).

It follows that for n > 2,

n—1
Cula,y) = (L4 2+ 2y)Cor (@) + S (L + 29)Cii(2,y)Coila, ).
i=2
Hence,
WOPREDes (1 y ) = 14 at+ Z Cr(z,y)t"
n>2
n—1
— Ttat+ A+ ragtY Coile )" + L4yt 33 Ceile, y)Coile,y)
n>2 n>2 k=2

= 14zt + (1+z+ zy)t(WOPEDS (2 4, ¢) — 1) + (1 + zy)t(WOPERS (1, 5, ¢) — 1)2.
This gives us a quadratic equation in which we can solve to prove the following theorem.
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Theorem 16.

1+t —to+tey — /(1L +t — to + tay)? — 4(t + toy)
2(t + txy) )

W@ngfdes(az, y,t) =

Below are the first few terms of WOPSAIes (g 4. ¢).
WOPS (2, y, 1) =
L+at+ (x+ (1 +y)ad)? + (z 4+ (3 + 2y)x? + (1 + 3y + y?))t3 +
(z + (6 4 3y)z® + (6 + 12y + 3y + (1 + 6y + 6% + °)z)t +
(z + (10 + 4y)2? + (20 + 30y + 6y*)2> + (10 + 40y + 30y* + 4y*)z*+
(1+ 10y + 20y* + 10y° + y*)2°) £° + - --

4.3 The functions WOPRY (2, y, t) = WOPE2Y (2, 5, 1)

Note that the set WOP(213) is in bijection with WOP(132) by the action reverse-complement, so
we can work on the set WOP(132) and track the descent of the maximum number of blocks, or
maxdes of ordered set partitions in WOP(132) to compute the function WOPHERIS (1 ¢, ¢).

We denote generating function that tracks maxdes of WOP(132) by WOPEES (1 4. ). We shall
again classify the ordered set partitions 7 € WOP,,(132) by size of the last part and we will use
the notation from Figure|3| Now suppose that D(z,y,t) = W@]P’%%Xdes(a:, y,t). In this case, we get
a factor of xt" from the last part {ai,...,a,}. Next we have to analyze when the last part from
any A; will cause a max-descent in w. Let s be the smallest index i such that A; is non-empty.
If s = r + 1, then there will be a max-descent from the last part of 4,41 to {a1,...,a,} so that
we would get a factor of y(D(x,y,t) — 1). If s < r, then the last part of A; will not create a
max-descent with {a,...,a,} so it will just contribute a factor of (D(z,y,t) — 1). However, each
non-empty A; with j > s will create a max-descent between the last part of A; and the first part of
the next non-empty A; which immediately follows it so that each such A; will contribute a factor
of 1 +y(D(z,y,t) —1). Thus D = D(xz,y,t) satisfies the following recursive relation.

D(z,y,t) = 1+ Z;pﬁ“ ((1 +y(D—-1)+ zr:(D ~1)(1+y(D — 1))r+1—s>
s=1

r>1

- uma+mD_m§)%}+w—nip+mn_m“ﬁ

r>1 s=1

) ) ) ) L A+y(D-1) -1
= 14+z(1+yD 1));t <1+(D 1)(1+y(D1))1>

(1+yD-1))" 1)
y

= 14z(l+yD-1)> t <1—

r>1
= 1+a:(1+y(yD_1))Ztr(y—l+(l+y(D—1))T)
r>1
(1+y(D—1) <t(y—1)jL t1+yD-1)) >
y 1-t " 1-tl+yD-1)

(y—1) (1+y(D-1))
1—t+1—m+mD—m>'

= 1+=z

:1+Zu+mp—m< (19)
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Clearing the fractions gives a quadric function in D which we can solve to show that

P($7yat)) B (Q(Iﬂ,y,t)
D(x,y,t) = 20
(2,9,1) R0 (20)

where

P(z,y,t) = 1—2t+1t*—tx+ 2ty — 2t>y + toy + 2t2xy — 2t%zy?

Q(z,y,t) = 1—4t+6t2 —4t3 +t* — 2t + 4%z — 263z + 22 — 2tay +

At xy — 2t3xy — 26222y + t22%y?, and

R(x,y,t) = 2ty — t2y + tzy — tzy°).

If we let f(x,y,t) = D(x,y,t) — 1, then gives that
-1 1+yf
t . 21
The Lagrange Inversion Theorem implies that the coefficient of ¥ in f(z,vy,t), f(x,y,t)| ., is given
by
1 k
f($7y7t)‘xk = EA(‘T) |xk—17
where ) )
t Yy — + yx
Az)=—-(1
(2) =5 (1 +y2) (1—t * 1—t(1+yx)>
Thus
f(l',y, t)|1.ktn
_ (y-DF  (+ay)"

1tk ko k
AP () (1=t

k
11 Y — ka
k:kz;<> 1—t

(1 + xy)kte
—a (1 —t(1+ xy))e

By Newton’s Binomial Theorem

It follows that

1 k—a+u—-1Y\,
A=k Z( u >t and

><a+z—1)<k—a+n(i;f;v)—
><a+z—1><k—a+n(i;f;v)—
><a+z—1><k—a+ﬂ(i;ﬁ;v)—

@ (1—1t(1+axy))®

’$k71tn

|Zk'71tn7k .

1 a+v—1\ , v
ey - ()

N\ /k+a+
k—1

N\ (k+a+wv
k—1
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Thus we have the following theorem.
Theorem 17.

P(CL‘,y,t) B (Q(ﬁ,y,t)

WOPRRAS (1, 1) = WOPSES (2, 4, 1) = WOPTES (2, ¢, ) = (22)

R(z,y,t) ’
where
P(z,y,t) = 1—2t+1t>—tx+ 2ty — 2tY + tay + 2t%zy — 222y,
Q(z,y,t) = 1—4t+6t% — 43 +t* — 2ta + 4?2 — 2630 + t?22 — 2txy +
A%y — 26832y — 2%2%y + 22y, and
R(w,y.t) = 2ty — %y + tay — t*2y?),
and

k n—k
; 11 E\ (a+v—1\[(k—a+(n—k—v)—1\[k+a+v _
§ : mindes(m) _ 77§ :E : _1\k—a
Y ky (CL)( v )( n—k—wv >< k—1 >(y D

TEWOP, 1(213) a=0 v=0
(23)

Below are the first few terms of WOPREes (. 1).

WOPS; (2, y, 1) =

L+ at+ (x+ A +y9)2)2 + (2 4+ 3+ 2y)z> + (1 + 3y + °))t* +

(z + (6 4+ 3y)2? + (5 + 13y + 3y x> + (1 + 6y + 632 + o))t +

(z + (10 + 4y)2® + (15 + 35y + 6y*)a® + (7 + 39y + 34Y'62 + 4y°) 2+
(14 10y + 20y* + 10y° + y*)2z®) 7 + -+ - .

mindes

We can compute the limit as y — 0 of WOP55°*(x,y,t) to obtain the generating function of
ordered set partitions in WOP,(213) which have no min-descents. In this case, we obtain the
following corollary.

Corollary 18.

L4y 3 i) _ L2+t — )

2 _
n>1  7eWOP,(213),mindes(r)=0 L+t t(2 + .T)

The first few terms of 1+3_ ;" ZFEWO'Pn(Ql?)),mindes(w):O 247 are

1+tx+ (x4 222 + (x4 322 + 233 + (z + 62° + 523 + M)t +

(z 4+ 102% 4 152° + 7o + 2°)° + (z + 1522 + 352 4 282% + 92° + 2%)10 +
(x4 2122 + 702> + 84z 4 4525 + 112% + 27)t7 +

(z 4 2822 + 12623 + 2102 4 1652° + 6625 + 1327 + 28)% +

(2 + 362 + 21023 4 4622 + 49525 + 2862° + 9127 + 152 + 29)t% 4.+ .

Seting = 1 in this series gives the sequence

1,1,2,5,13,34, 89, 233, 610, 1597, 4181, 10946, 28657, . . .
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which is sequence A001519 in the OEIS [I1] which has a large number of combinatorial interpreta-
tions.

Given any sequence of positive numbers 1 < by < by < --- < b, we let

A= A(.%', Y, t? qi, ... 7QS> = W©quli;(%zshm7bs}<$v Y, t7 qi, - - . 7q8)'

It follows from the part structure pictured in Figure 3| and our analysis above that

s by
A = 14+ ag (1 +y(A—1)+Y (A=D1 +yA-1)"
=1 a=1
= 1+ zs:wqitb"(l +y(A-1)) (1 L Uty ; 1) — 1) .

=1

If we set F = F(x,y,t,q1,...,qs) = A(x,y,t,q1,...,9s) — 1, then we see that

S .

, 1+yF)b —1

F=23 qth(1+yF) <1+(yy)>.
=1

It follows from the Lagrange Inversion Theorem that

1
_ S +b; (1+yr)bi_1
where 6(x) = 27y @it” (1 +yz) (1+—5—).

One can use this expression to show that if aq, ..., s are non-negative integers such that > ;_; =k
and >°7 | a;b; = n, then

S

1 k (1+ :zy)k b a;
Flongpreqee = (a1, e ,as) oy 1_[1 <(1 Fay)” - 1> o4
1=

Hence it is possible to get a closed expression for Fx,»
messy.

oL oengls We shall omit the details since it is

4.4 The function W@Pgﬁ‘fz}(x, Y, t,q1, Go)
Next let us consider the computation of the generating function

Az, y,t, a1, 42) = WOPE (o, (2, 9, 1, 41, 02).-

We will again consider that the case analysis of elements m = By/.../B; € WOP,, 11 9,(123) by
the first return of the path ¥(w(7)) so we will keep the same notation. That is we shall assume
the first return is at (n —k, k), B1/.../B; are the parts containing the numbers {k+1,...,n} and
Bii1/.../Bj are the parts containing the number {1,...,k}.

Case 1. The first return of P is at the point (1,7 — 1).
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In this case, we showed that By = {n}. is ztqi(1 + y(A(z,y,t,q1,q2) — 1). If n = 1, then we
get a contribution of xtq; and otherwise, n will cause a min-descent between B; and By which will
give a contribution of xtq1y(A(x,y,t,q1,q2) — 1). Thus, the contribution in this case is

A(SU, y’tv qi1, Q2)

Case 2. The first return of P is at the point (2,n — 2).

In this case, we showed that either By = {n — 1} and By = {n} or By = {n — 1,n}. It is easy to
see that in the first case, the contribution to A(z,y,t,q1,q2) is 2*2¢3(1 + y(A(z,y,t,q1,q2) — 1).
That is, if n = 2, then we get a contribution of a:2t2q% and otherwise, By will cause a min-descent
between By and Bs which will give a contribution of 22t2¢?(y(A(z,y,t,q1,q2) —1). Similarly, in the
second case the contribution to A(z,y,t,q1, q2) is t2qa(1 + y(A(x,y,t,q1,q2) — 1)) as there will be
min-descent between By and Bs if By exists. Thus the total contribution to A(z,y,t,q1,q2) from
Case 2 is

($2tQQ% + :I:tZQQ)(l + y(A(‘T7 Y, ta q1, q2) - 1))

Case 3. k<n—2and k+1isin column n — k — 1.

In this case, we have the situation pictured in Figure@ Thus w(7) = wy . .. w, where w, 1 = k+1
and w,_p = p where k+1 < p. It follows that either B; = {k+1,p} or B;_; = {k+1} and B; = {p}.
We claim that the contribution to A(x,y,t,q1,¢2) in the first case where B; = {k + 1,p} is

y(A(x, Y, t: q1, QQ> - 1>xt2Q2(1 + y(A(.’IJ, Y, tv q1, QQ) - 1))

That is, the first factor of y¥ comes from the fact that there is a min-descent between B;_1 and B;
since the first element of B; is k + 1 which is the smallest element in By/.../B;. The next factor
(A(z,y,t,q1,q2) — 1) comes from summing over the weights of the reductions of By/.../B;_1 over
all possible choices of By/.../B;_1. The factor xt?qy comes from B;. If Bii1/.../ B; is empty
then we get a factor of 1 and, if Bjy1/.../B; is not empty, then we get a factor of y, coming
from the fact that the minimal element of B; which is k + 1 is greater than the minimal element
of B;y1 which is some element in {1,...,k}, and a factor of (A(z,y,t,q1,q2) — 1) coming summing
the weights over all possible choices of B;y1/.../B;.

A similar reasoning will show that the contribution to A(z,y,t, g1, g2) in the first case where B;_1 =
{k+1} and B; = {p} is

y(A(‘T7y)ta q17QQ) - 1)x2tQQ%(1 + y(A(:c,y, tv qi1, C]2) - 1))

Thus the total contribution to A(x,y,t,q1,q2) in Case 3 is

y(A(.iL', Y, t,q1, QQ) - 1)(l't2(JQ + w2t2q%)(1 + y(A(x7 Y, t,q1, q2) - 1))

At this point, our analysis differs from our analysis in WOP;53 1 2} (,y,t,q1,q2)-

Case4k<n—2k+1lisincolumnr=n—k—2and B,_1 ={k+1,p}.

Refer to Figure the word w(m) = wy ... w, where w,_p_o =k+1 and wy,_k_1 = p1, Wp—k = P2,
where k + 1 < p2 < p;. It follows that B; = {p2}. Since B;—1 = {k + 1,p1}, there will be no
min-descent between B;_; and B;. Refer to the Dyck path structure in Figure [I5] that if the path
ends with 3 right steps RRR and it does not have a return, then there are two sub-Dyck path
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component denoted B in the picture — the part tracking back from last step before the last down
step to the step that it first reaches the first diagonal, and the part from the next step back to the
start point. The corresponding part in ordered set partition side is parts B, ..., B;_o that can be
seen as 2 ordered set partitions that avoid 123, whose contribute is (1 + y(A(x,y,t, q1,q2) — 1))
The contribution of part B,_; and B; is t3qi¢2 and the contribution of blocks Bit1/ ... /Bj is
(1 +y(A(x,y,t,q1,q92) — 1)) for the same reason as Case 3. Thus the contribution of this case is

(1 + y(A(]T,y,t, Q1792) - 1))2$t3Q1QQ(1 + y(A(.’I?,y,t, q1, Q2) - 1))

Case 5. k < n — 2 and 7 does not satisfy Case 4.

BN\

B

AN

Figure 15: The situation in Case 3.

This case is similar to Case 4 of analysis of W@P‘fg; {172}(1', y,t,q1,q2) in Section 3. In this case, B;
must be a singleton, and we claim that the contribution of this case is

) (A(x7y7t7q17 q2) —-1- .TtQ1(1 + y(A(.T, yata q1, q?) - 1)) - $t2QQ<1 + y(A(.’L',y7t, QbQQ) - 1)>2)
wtqr (1 +y(Az, y,t, g1, q2) — 1)).

That is, the first factor of ¥ comes from the fact that there is a descent caused by the last element
of B;_1 and the element in B;. The next factor comes summing over the weights of the reductions
of By/.../Bj_1 over all possible satisfying choices of B/ .../B;—1. The contribution of part B; is
tq1 and the last factor (1 + y(A(z,y,t,q1,¢2) — 1)) is the contribution of blocks Bj11/.../B;.

Adding up the contribution lead to the following theorem.
Theorem 19. The function W@Pﬁ‘;‘%‘i%}(x, y,t,q1,q2) is the root of the following degree 3 polyno-
mial equation about A,

A =1+ togi(1+y(A — 1)) + (Prgs + 22262 (1 + y(A — 1) + Paqiga(l +y(A - 1))°
+tayqr (14 y(A — D) (A — 1 —taqu(1 +y(A— 1)) — Paga(l +y(A - 1)?).

4.5 The function WOPL 4 (z, y, 1)

We write C(z,y,t) = WOPRRMS (5 4 ¢). To study the function C(z,y,t), we use the fact that the
reverse of the word of any m € WOP(321) is 123-avoiding. In other word, if we let WOP(123) be
the set of ordered set partitions whose numbers are organized in decreasing order inside each part
and the word is 123-avoiding, then each 7 € WOP(321) is correspond with a @7 € WOP(123). The
pdes of 7 is then equal to the rise of the minimal elements of consecutive blocks (or minrise) of 7.
We want to work on WQOP(123) and the statistic minrise to compute the function C(z,y,t).

We also need to define Cy(x, y, t) as the generating functions tracking the number of minrise without
tracking the minrise caused by the last two parts of ordered set partitions in WOP(123) that

Cg(&“, y, t) == 1 + Z tn Z xg(ﬂ-)y‘{i:i<€(7r)_1vBi<'minBi+1}l .
n2l  reWOP,(123)
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We will always use C and C; for short of C(x,y,t) and Cy(z,y,1).

We begin with studying the function C(z,y,t). Note that the action /ift defined in Section 3 keeps
the min-descents for any ordered set partitions in WOP,,(123), which makes it possible to do
recursions of WOP,,(123) using the Dyck path bijection. For any 7 = B/ --- /By, € WOP,(123),
we let w(m) = wy -+ - wy, € Sp(123). Let the first return of the corresponding Dyck path be at the
n — k™ column and let the number w,,_j, be in the block B;.

Then there are 5 Cases.

Case 1. B; has size 1 and w,,_p—1 = k + 1.

In this case, there is a minrise between part B; 1 and B;. The numbers before k + 1 reduce to
an ordered set partition in WOP,,__2(123). There are two possibility that B;_; either only has
the number £ 4+ 1 or contains other numbers, and in the later case the minrise caused by last two
parts in the previous numbers will not be count. Thus the contribution of numbers before k + 1
to function C(z,y,t) is tz(C + %) Since the numbers after w,,_j can form any ordered set
partitions in WOP((123) and the minrise is not affected, we have that the contribution to function

C(z,y,t) of this case is
2 92 C[ - 1
t“xcy | C + - C.

Case 2. B; has size> 1 and w,,_p_1 =k + 1.
In this case, B; contains no numbers in {w1,...,w,_,_1} and there will not be a minrise between
part B;_; and B;. The contribution of the numbers before w,,_, is tx(C + Cé_l), and the contribu-

xX
tion of the numbers from w,,_j is tx (%), and the contribution to function C(x,y,t) of this case
is

€T x

Case 3. B; hassize 1 and w,, 1 # k+ 1.
In this case, there will not be a minrise between part B;_1 and B;. The contribution of the numbers

before w,,_j is (C —tx (C’ + %)) Since the numbers after w,,_; forms an ordered set partition

in WOP(123) and the first part can either joint the number w,_ or not without changing the
minrise, thus the contribution of the numbers from w,,_j is tx (C + %), and the contribution to
function C(z,y,t) of this case is

(0 1) (0o G21Y).

Case 4. w,,_k_1 € B; but w,_r11 ¢ B;.

In this case, there will not be a minrise between part B;_1 and B;. We have w,_p # k+ 1 and
Wp—_k—1 7 k+1 in order to satisfy that w,_g_1 € Bj. wy_k+1 ¢ B; implies that the first part of the
ordered set partition after w,_j does not joint the number w,,_;. Thus the numbers up tp w,_g

T

C(z,y,t). Thus the total contribution of this case is

tC(C’—l—tx(C’—i—Cé:c_l)).

Case 5. wy—i—1 € B; and w,—k4+1 € B;.
In this case, there will still be no minrise between part B; 1 and B;. We have w,_; # k+ 1 and

contributes ¢ (C —1—tx (C + %>> and the numbers after w,_; contributes C to the function

32



Wp_k—1 # k+1in order to satisfy that w, 1 € B;. w,_r11 € B; implies that the first part of the
ordered set partition after w,,_; joints the number w,_;. As part B; connects the numbers before
wp_j and the numbers after w,_j, the mindes caused by the last two parts before w,,_; will not

be count. Thus the numbers up tp w,_; contributes ¢ (Cg —1—tx <C’ + %)) and the numbers

after w,,_; contributes % to the function C'(x,y,t). The total contribution of this case is

(5) (o)

Summing over all the five cases, we have that

be(ereafer ) e (657) for -l 1))

We can do similar analysis for Cy(z,y,t). We have the following 7 cases, of which the first 5 cases
are similar to that of C(z,y,1).

Case 1. B; hassize 1, wy,_p_1 = k+ 1 and k > 0.

The argument is same as Case 1 of C'(x,y,t) except that the contribution of the numbers after
wn_t 18 Cp — 1 instead of C, since k > 0 implies that B;11 is not empty, and we are not counting
the minrise between the last two parts of 7. Thus the contribution to Cy(z,y,t) of this case is

Cy—1

t2x?y <C + ) (Cr—1).

Case 2. B; has size> 1 and w,,_p_1 = k + 1.

Similar to Case 2 of C(z,y,t) that the contribution is 222 (C’ + %) <%> . The only difference
is that the contribution of numbers after w,,_j is % instead of % as we are not counting the
minrise of last two parts.

Case 3. B; hassize 1, w, 1 #k+1and k > 0.

Similar to Case 3 of C(x,y,t) that the contribution is ¢tz (Cz -1+ %) (C —tx (C’ + %)) .

Co—1
X

The difference is that the contribution of numbers after w,,_; is (Cp — 1 + as we are not

counting the minrise of last two parts and the collection of numbers after w,,_; is not empty.
Case 4. wy,_,_1 € B;, wy_k41 ¢ B; and k > 0.

Similar to Case 4 of C(z,y,t) that the contribution is ¢(Cy — 1) (C’ —1—tx (C + %)) . The
difference is that the contribution of numbers after w,,_j is (Cy — 1) since k > 0 implies that the
collection of numbers after w,_j is not empty.

Case 5. wy,——1 € B; and wy,_p4+1 € B;.

Similar to Case 5 of C(x,y,t) that the contribution is ¢ (Cl_l) (Cg —1—tx (C’ + %)) . The

X
difference is that the contribution of numbers after w,,_j is C";l as we are not counting the minrise
of last two parts.

Case 6. k=0 and w,,_x_1 ¢ B;.
In this case, B; has only the number w,_;. Since we are not counting the descents of the last two
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parts, we do not care whether w,,_j is bigger or smaller than the minimum of the previous last
part. The contribution of this case will be txC.

Case 7. k=0 and w,_r_1 € B;.
In this case, B; can be seen as enlarging the last block before the number w,,_x to w,_g. The last
minrise before w,,_; will not be counted, and w,,_x, Wp_r_1 # k + 1. The contribution of this case

ist(C’g—l—t:E<C+%>).
Summing over all the 7 cases, we have that

Cp—1 Cp—1

Co(z,y,t) = 1+ (y— 1)t*2*(Cp—1) <C - ) + taC <Cg —1+ > + txC

X X
—H(Cg—l—tl’ <C+C‘5x_1>> +tx <Cg—1+c‘fx_1) (C—tx <C+ng_1>>

+H(C, — 1) <C—1—m <C+ wa_l)).

With these equations about C'(x,y,t) and Cy(z,y,t) computed, we can compute the Groebner basis
of the functions to find an equation that C'(x,y,t) satisfies, and we have the following theorem.
Theorem 20. The function W@P%ifdes(x,y,t) is the root of the following degree 4 polynomial
equation about C',

L+t(=1+t—t2+2(2+ 27 — zy))
+C(—2+t(-3+t(3+z(—4+3x(-2+y))) + (=5 +z(—=3+y)) + t*(2 + 2(3 + 3z — 2xy))))
+C? (1+t((B3+2)2 —t3(=3+2?) +t(3+ ) (-1 +2z(1 + z))
210+ z(6 + 23+ z(4 + 2(=2+ 1) (=14 y) — 3y) — v))))
+C3% (=5 -3z +t(-7T— 28+ 23+ 2)(1+y)) +t3(—6+ (=6 + (-3 + 5y + 2(L + = + y — 2y))))
+t(18 + z(17+z(6 — 6y +z(2+ 2 — (4 + 2)y))))))
+CH2 2+ —t(l+z+2?) + tz?y) 3+ 2z + (-3 — 2(3+z) + 22(2 + z)y)) = 0.

5 Generating functions for p-descents

In this section, we shall study the generating functions WOPP®S (z, y, t) for certain a € S3. Based
on the analysis in Section 2, we need to study the following 4 kinds of generating functions,

WOPYS® (z,y,t) = WOPYS(z,y,1),
WOPSSS(z,y,t) = WOPYs*(z,y,1),
WOPYss(z,y,t) , WO (2,y,1).

We are able to solve the function WOPPSSS(x,y,t) = WOPY S (z,y,t), and write the functions
W@ngles(x, y,t) = W@nggs(w, y,t) and W@ngfs(x, y,t) as roots of polynomial equations respec-
tively. We don’t have results about the function WOPYS®(z, y,1).

5.1 The functions WOPYSS (z, y, 1) = WOPYS (2, 1, 1)

As we observed in Section 2,

W@Pfgss(x, y,t) = W@Pﬁ%"des(x, Y, ),
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Thus we have the following theorem.
Theorem 21.

W@P}fg’s(m, y,t) = W@nggs(w, y,t)
= WOPEEIS(z,y,t) = WOPHDS (2, ¢, 1) = WOPERDIS (1,4 1)
P(‘T’y7t) - (Q('rayvt)

R(z,y,t) ’
where
P(x,y,t) = 1—2t41> —ta+ 2ty — 2tY 4 toy + 2t%2y — 222y,
Qz,y,t) = 1—4t+61% — 43 +* — 2t + 4?2 — 2630 + 222 — 2tzy +
At%xy — 2832y — 2622y + t22%y?, and
R(z,y,t) = 2(ty — t*y + tay — t*zy?),
and

DR 9 31 )] G | Gttt | G [P TCD

TEWOP,, 4 (132) Y =0 v=0
(24)

5.2 The functions WOPY® (z, y, 1) = WOPYSS (2,1, 1)

We compute the function W@nggs(aj,y,t) as a representative of this equivalent class. We write
D(z,y,t) = W@nggs(m,y,t) for our convenience in the analysis. As this is different from the
132-avoiding case, we will consider a new structure for the set WOP(312).

Given any ordered set partition 7 € By/.../Br € WOP,,(312), if the size n = 0, then it contributes
1 to the function D(z,y,t). Otherwise, m has at least one part and we suppose the last part

By = {a1,az,...,a,} has r > 1 numbers. Note that there will not be any number number a > as
in the previous blocks By, ..., Bi_1, otherwise the subsequence (a,aj,as) of w(w) is a 312-match.
Thus, the subsequence {as,...,a,} must be a consecutive integer sequence.

Now, We divide the numbers in the previous blocks By, ..., B into 2 sets, A; = {1,...,a; — 1}
be the numbers smaller than a; and Ay = {a; + 1,...,a2 — 1} be the numbers bigger than a;.
The numbers in set A; must appear before the numbers in set Ay as otherwise there will be a
312-match in the word. Thus, an ordered set partition 7 = B;/.../Byr € WOP,(312) has the
structure pictured in Figure

We let A;(m) the restriction of 7 in set A;, then each A;(w) is also an ordered set partition in
WOP(312). However, if both A;’s are not empty, then it is possible that the last block of A; joints
the first block of As. In that case, the pdes caused by the last two blocks in Ay (if there is) and the
pdes caused by the first two blocks in Ay (if there is) will not be count in the number of pdes in
m. We let Dy(z,y,t), Ds(x,y,t) and Ds(x,y,t) be the generating functions tracking the number
of pdes without tracking the pdes caused by the last two parts, the first two parts, and both last
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Figure 16: Structure of an ordered set partition in WOP(312)

and first two parts that

Dg(CC, n t) = 14+ Ztn Z xz(ﬂ')y|{7j:i<z(ﬂ-)71,Bi>pBi+l}‘7
n>l  weWOP,(312)
Df(x, n t) = 14+ Z g Z xé(w)y|{i:i>1,Bi>pBi+1}|’
n>l  7eWOP,(312)
DEf(% n t) = 1+ Z g Z xé(w)y|{i:1<i<€(7r)—1,Bi>pBi+1}\7
n>l  weWOP,(312)

then we can compute the recursive equations of functions D(z,y,t), De(x,y,t), Ds(x,y,t) and
Dyy(x,y,t) respectively.

We first consider the function D(z,y,t).

Case 1. The last part By has size> 1.

Then there will always be no pdes involving part By as the last part will contain the number as
greater than any numbers in B, ..., By_1. The last part has contribution ta? + ta® + .- = fL_Qt,
and the contribution of By,...,By_1 is D?(z,y,t) when the last block in A; does not joint the
first block of As, and (De(x’y’t)_l):in(x’y’t)_l) when the last block in A; joints the first block of As.

Thus, The contribution of this case to the function D(z,y,t) is

(Dg(ﬂj,y,t) - 1)(Df(33,y,t) - 1)) )

ta?

1—-1¢

(D2(x, Y, t) +

Case 2. By has size 1, Ao part only contains 1 block and joints with part Aj.
In this case, the set A; cannot be empty and there will still be no pdes caused by the last two parts
of m. The contribution will be

1-1¢

ta ((Dg(:v, y.t) — 1)t> .

Case 3. By, has size 1, Ay is empty.
In this case, there will be no pdes caused by the last two parts of m and the contribution will be

teD(x,y,t).

Case 4. By, has size 1, and 7 does not satisfy Case 2 and 3.
In this case, there will be a pdes caused by the last two parts of w. Considering it is possible that

36



the last block of Ay joints the first block of As, we can compute that the contribution of this case

(Df(m7y7t) - 1)(Df($,y,t) - % - 1)) .

tay (D(J:,y,t)(D(:c,y,t) —-1)+ .

Summing over all the 4 cases, and we write D, Dy, Dy, Dyy on the right hand side for short of
D(QZ‘7 Y, t)a _D[(.’IZ', Y, t)) Df($7 Y, t)a -fo(x7 Y, t)a then we have

De,y,1) = 147 (D2 4 D= VDr = 1)> +Hy—1)tz (D(D O Al ”) _

1—t¢ T T

Then for the function Dy(x,y,t), we do not need to consider the contribution involving part By,
thus the analysis is like Case 1 of function D(z,y,t) and we have

Dg((lf,y,t)zl—i- tx <D2 (Dé_l)(Df_1)>

1—1¢ T

For the function Df(x,y,t), we have similar cases to function D(x,y,t), but one more case when
last part is of size 1.

Case 1. The last part By has size> 1.

Then there will always be no pdes involving part B. The last part has contribution %Qt, and the
contribution of By, ..., By_1is (Df(x,y,t) —1)D(x,y,t) when Ay is not empty and the last block in
A1 does not joint the first block of Ay, and D (z,y,t) when A; is empty, and (Des(@y,t)— )(Df(x’% )1
when the last block in A; joints the first block of Ay. Thus, The contribution of th1s case to the

function D(zx,y,t) is

ta?

1-1¢

<(Df($ayvt) - 1)D(x,y,t) —+ Df(SU,y, t) + (Déf(.ilf,y,t) - 1)(Df(x,y,t) — 1)) .

X

Case 2. By, has size 1, A part only contains 1 block and joints with part A;.
In this case, the set A; cannot be empty and there will still be no pdes caused by the last two parts

of m. The contribution will be
t
x ((Def(%y,t) - Dl—t) :

Case 3. By, has size 1, Ay is empty.
In this case, there will be no pdes caused by the last two parts of m and the contribution will be

teDys(x,y,t).

Case 4. By, has size 1, Ay is empty, and As only has one block.
In this case, the pdes caused by the only two parts of 7 is not counted as we do not count the first
pdes.

Case 5. By has size 1, and the numbers in sets A1, As does not satisfy Case 2, 3 and 4.
In this case, there will be a pdes caused by the last two parts of m. Considering it is possible that
the last block of A; joints the first block of Ay, we can compute that the contribution of this case is

" Dy (a,y,t)—1) (D (z,y,t) — 1% —1
tay ((Df(m,y,w—1><D<m,y,t>—1>+<Df<x,y,t>— oy LuCud DOy >).
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Summing over all the 5 cases, and we write D, Dy, Dy, Dyy on the right hand side for short of
D(J}, Y, t)v Dg(.ﬁU, Y, t)7 Df(l‘, Y, t)v Dgf(l‘, Y, t)v then we have

_ _tr
Dy(a,y,) = 1+ 2 ((Dy =)D + Dy 4+ LB oy — 1) <(Df —)D — =, 4 LU0 ”) .

For the function Dys(x,y,t), we do not need to consider the contribution involving part By, thus
the analysis is like Case 1 of function D¢(x,y,t) and we have

(Dy =Dy 1)),

tx
With these equations about D(z,y,t), D¢(z,y,t), D¢(x,y,t) and Dys(x,y,t) computed, we can
compute the Groebner basis of the functions to find an equation that D(z,y,t) satisfies, and we
have the following theorem.

Theorem 22. We have the following equations about D(x,y,t), De(x,y,t), D¢(x,y,t) and Dy(x,y,t),
(Den(fo%l))

T

Diw,y,t) = 1+ 4 (D2 + LEULEDY o (g~ 1) (D(D 1)+

xT

Di(w,y,t) = 1+ 4% (D2 + DB

Dy(x,y,t) =1+ {2 ((Df—l)D+Df+(fo‘1jE¢) 4 (y— Dtz ((Df_l)D_ltxtJr

(Dgfn(foftl))

x

Dyg(w,y,t) =1+ £ ((Dy = 1)D + Dy 4 L=

xX
and the function W@ngss(x, y,t) is the root of the following degree 3 polynomial equation about D,

1—t+D(-1+t)(1+t(1+2z(-14y))) + D*(1—t)t (L + ta?* (-1 +y)* + (-1 + (-1 + y) + 2y))
+ D322 (=1 +y)(—1 + t(1 + (=1 +y)) — zy) = 0.

5.3 The function WOPLSS(z, 1, t)

We write D(z,y,t) = W@ngfs(w,y,t). As we defined in Section 4.5, WOP(123) is the set of
ordered set partitions whose numbers are organized in decreasing order inside each part and the
word is 123-avoiding. Each m € WOP(321) is correspond with a 7 € WOP(123), and the pdes of
7 is then equal to the part-rise (or prise) of 7. We want to work on WOP(123) and the statistic
prise to compute the function D(x,y,t).

We also need to define Dy(x,y,t), Ds(x,y,t) and Dys(x,y,t) as the generating functions tracking
the number of prise without tracking the prise caused by the last two parts, the first two parts,
and both last and first two parts of ordered set partitions in WOP(123) that

Dy(z,y,t) = 1+Ztn Z () i<t 1, Bi<pBia}|
nz2l  reWOP, (123)

Di(z,y,t) = 1+Ztn Z () 35> 1, Bi<p Bia }|
n2l  reWOP, (123)

Dyj(w,y,t) = 1+Ztn Z 1)y i <i<lm)=1,Bi<p Biga
n>l e WOP,(123)
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We will always use D, Dy, Dy and Dy for short of D(x,y,t), De(x,y,t), Df(x,y,t) and Des(z,y,1).
As we are generally looking at the same cases as Section 4.5, we shall briefly describe our idea about
the recursions of the 4 functions.

For any m = By/ -+ /By, € WOP,(123), we let w(mw) = wy -+ w, € S,(123). Let the first return
of the corresponding Dyck path be at the n — k™ column and let the number w,,_j, be in the block
B;.

For the function D(z,y,t), there are 4 Cases similar to Section 4.5. We will directly give the

contribution of each case to function D(z,y,t).

Case 1. both B;_1 and B; are of size 1.
The contribution to function D(xz,y,t) is t?2?yD?.

Case 2. w,_,_1 ¢ B; but 7 does not satisfy Case 1.
The contribution to function D(z,y,t) is tzD (D + %) —t222D2%.

Case 3. w,,_,_1 € B; but w,_x+1 ¢ B;.
The contribution to function D(z,y,t) is (D —1—uat (D + De*l)) -tD.

T

Case 4. wy,_;_1 € B; and w,_;4+1 € B;.

The contribution to function D(z,y,t) is <Dg —1—at <D + %)) 2

x

Summing over all the 4 cases, we have that

x

+tD<D—1—xt<D+D"_1>>
X
D;—1 _
+t< / ><D4—1—mt(D+D£ 1>>
X X

For the function Dy(x,y,t), there are 6 Cases.

Ds—1
D(x,y,t) = 1+t2x2(y—1)D2+txD<D+ / )

Case 1. both B;_; and B; are of size 1, and k > 0.
The contribution to function Dy(z,y,t) is t?z2yD(D, — 1).

Case 2. w,_,_1 ¢ B; and k > 0, but 7 does not satisfy Case 1.

The contribution to function Dy(x,y,t) is txD <D@ -1+ %) —t222D(Dy — 1).
Case 3. w,,_,_1 € B; and k > 0, but w,,_;4+1 ¢ B;.

The contribution to function De(z,y, t) is (D 1 at (D + %)) t(Dy — 1),

Case 4. wy,_;_1 € B; and w,_;4+1 € B;.
The contribution to function Dy(z,y,t) is (De —1—ut (D + D"'x_1>> -t

D[f*].
Z .

Case 5. k=0 and w,_x_1 ¢ B;.
The contribution to function Dy(z,y,t) is tzD.

Case 6. k=0 and w,,_;_1 € B;.
The contribution to function Dy(x,y,t) is ¢ <Dg —1—tz (D + %)) .
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Summing over all the 6 cases, we have that
2,2 Dyy —1
Dy(z,y,t) = 1+teD+t°2*(y—1)D(Dy—1)+txeD | Dy—1+ ———

+t(Dg—1)(D—1—xt(D+DZ_1>> x

x

Dyp —1 _
+t< 2 ><Dg—1—xt<D+Dé 1))
X X

Dy —1
+t<D4—1—tw<D—|— Zx ))

The functions Dy(z,y,t) and Dy¢(x,y,t) have exactly the same 4 cases and 6 cases as D(x,y,t)
and Dy(z,y,t). The main difference on the right hand side expansion is that some D and Dy
becomes Dy and D;y. We omit the classification of cases and organize the terms of the expressions
of D¢(x,y,t) and Dy¢(x,y,t) in the same way as functions D(z,y,t) and Dy(x,y,t), then we have

Dy—1
Di(z,y,t) = 1+t*2*(y—1)(Dy —1)D +tzDy <D+ ! )
x

Dy —1
+tD<Df—1—xt<Df+ o ))
x

Df—l D@f—l
—+t - Dgf—l—l't Df—}— - ,

Dyr—1
Dgf(x,y,t) = 1+taeDy+ t2:n2(y — 1)(Df —1)(De—1) +txDy <Dg -1+ Zf)

x
Dy —1
+t(D4—1)<Df—1—:m:<Df+ Y >>
X

Dyr—1 Dyr—1
+t< 25 )(Dgf—1—xt(Df+ 2 >)
i X

Dy —1
+t(D¢f—1—tm(Df+ < ))

With the recursive equations of the four functions computed, one can compute the Groebner basis
of the functions to find an equation that D(z,y,t) satisfies, and we have the following theorem.
Theorem 23. The function W@ngfs(x, y,t) is the root of the following degree 6 polynomial equa-
tion about D,

D((=1+D)x+tD(~1-D?(1+z)2+2DD(1+z+2?(~1+y)D) —222(—=1+y) D)+ D3t°25 (=1 +y)3+
D23 (—1+y)*(—2+2D(1+z)+z(1+x—zy)) +t?D(1+ 2+ D(—2+z(2(-2+y) + (4 +a(-1+
y)(—14y))) —xD(z*(—1+y)?> +yD) — D*(1 +z) (-1 +2(—2+3z(-1+y) + y))D) + Dt3z(—1 +
y)D(1+D?*(1+2)? +2z(—1+2z(=1+y)) + DD(—=2+2?(4+ 3z — 2y — 3xy) D)D) D) D(1+ DD(—2+
DD(1+tD(1+ 2z —tD(1+ 2+ 2°D)+ D(~1+t)D(1 + x + tz*(=1 +y)D) + ta’yD)D)D)D) = 0

and
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6 Results on parking functions

A North-East n x n Dyck path is a lattice path from (0,0) to (n,n) consisting of east and north
steps which stays above the diagonal y = =x.

We can get an n x n parking function by labeling the cells east of and adjacent to a north step of
a Dyck path with numbers {1,...,n} such that the numbers in each column is increasing. On the
other hand, we can take a parking function as a combination of a Dyck path and an ordered set
partition of same part size composition. Figure [17]is an example of a parking function of size 5.

, 2 ,
, ,

s 5 s
, ,

: :
L + = 4 X
// 3 //

’ 1/
s y

Figure 17: The construction of a parking function.

We say that a parking function avoids a permutation pattern if and only if the ordered set partition
of the parking function word-avoids the pattern. We studied pattern avoidance in parking functions
in this way and we have the following theorem.

Theorem 24. Let pf,,(123) be the number of n x n parking functions avoid pattern 123 and let
pf,, x(123) be the number of n X n parking functions with k columns that avoid pattern 123, then

pf,(123) = = 1)(:_ .y (Z) (n ﬁ k) <2kk:>

S0

P12 = kz (k+ 1)(nl— k+1) <Z> (n : k> <2’fk)

_n

2

!

and

here Cy, is the k™ Catalan number.

Proof. From Theorem |§|7 we have wopp, 4,1(123) = Cj, which implies that for any Dyck path of
size n with k columns that are either of size one or of size two, we can find C}, parking functions
on the Dyck path. It is not difficult to enumerate that the number of Dyck paths of size n with k
(D05 e

columns that are either of size one or of size two is

n—k+1
C n k
f, (123) = —— .
Pl (123) n—k+1<k><n—k>
Summing over all possible pf,, (123) gives the formula for pf,, (123). O
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7 Open problems

In this paper, we mainly use the classical recursion of 132-avoiding permutations and the Dyck
path bijection of 123-avoiding permutations to prove results on the generation functions tracking
several statistics of ordered set partition that word-avoid some patterns of length 3. Our definition
of word-avoidance of an ordered set partition differs from pattern avoidance defined by Godbole,
Goyt, Herdan, and Pudwell [4]. Notwithstanding, our definition of 321-word-avoiding ordered set
partition coincides a-avoiding ordered set partition in the sense of [4] for any pattern o € Ss.

Due to this coincidence, we spent a lot of pages on the problems on the set WOP,,(321) of ordered
set partitions word-avoiding 321. In Section 3, we solve all the generating functions tracking
the statistic descents about WOP,,(«) for any pattern « of length 3, and obtain many beautiful
symmetries and multinomial formulas with multinomial coefficients. However, the enumeration for
WOD, . p,] (321) = oppy, .5, (321) and wop<b?1._.b:k>(321) = 0p<b$1...b:k>(321) are still open. As a
first question, an explicit formula of wop <bf‘1...bgk>(321) is desired.

In Section 4 and Section 5, we get nice result about all the generating functions tracking the

statistics mindes and pdes, except that we do not have any result about W@Pﬁ’ggs(x,y, t). In

particular, we have polynomial equations about the generating functions W@ngfdes(x,y,t) and
W@ngfs(x, y,t) stated in Section 4.5 and Section 5.3, which still make sense when using pattern
avoidance definition in the sense of [4]. The polynomial equations have all the information of the
generating functions, and one can come up with efficient recursions easily with the equations. The
open problem in this part is the function W@Plfggs (x,y,t). We are not able to get recursions about

W@Pﬁ’ggs(x, y,t) since the pdes statistic changes abnormally at the action lift.

We mentioned pattern avoidance problems about parking functions in Section 6. There is a great
number of interesting problems about enumerating parking functions, and all pattern avoiding
problems except the formula for pf,, ,(123) are open.
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