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Motivation

Problem 13: enumerate permutations in S, avoiding a
classical pattern and a consecutive pattern at the same time.

Pan, Remmel and | worked on the distribution of consecutive
patterns in Sp(132) and S,(123).

Remmel and | started work on the distribution of classical
patterns in Sp(132) and S,(123).
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m inv(o) denotes the number of inversions in o.

Introduction
m (0;,0j) is a coinversion if i < j and o < 0.

m coinv(o) denotes the number of coinversions in o.

o = 24531
inv(e) =6 {(2,1),(4,3),(4,1),(5,3),(5,1),(3,1)}
coinv(o) =4 {(2,4),(2,5),(2,3),(4,5)}
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Given a sequence of distinct positive integers w = wy ... wp,
we let the reduction (or standardization) of the sequence,
red(w), denote the permutation of [n] obtained from w by
replacing the i-th smallest letter in w by /.

Introduction

Example

If w = 4592, then red(w) = 2341.
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m we say the pattern 7 occurs in 0 = 01 ...0, € S, if there
exist 1 < fp <--- < ij < nsuch that red(oj, ...05) = 7.
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introduction m We let occr, (o) denote the number of 7 occurrence in o.

m We say o avoids the pattern 7 if 7 does not occur in o.

m = 867932451 avoids pattern 132, contains pattern 123.
occris(m) = 2 since pattern occurrences are 6,7,9 and 3,4,5.

m 7 is called a classical pattern.

m inversion — pattern 21, coinversion — pattern 12.
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Bun O m We let S,(\) denote the set of permutations in S,
avoiding .

Introduction m Let A={\1,..., A/}, then Sy(A) is the set of
permutations in S, avoiding A1, ..., A,.

m [Sn(132)] = [Sa(123)| = C, = 15 (%)), the nth Catalan
number.

m C, is also the number of n x n Dyck paths.
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Given two sets of permutations A = {A1,..., A} and
R ={7,...,7s}, we study the distribution of classical patterns

Yy -5 Ys in Sp(N).

Especially, we study pattern 7 distribution in S,(132) and
Sn(123) in the case when 7 is of length 3 and some special
form.
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Introduction

Qrc,/\(Xl, 00¢ ,XS) = Z xfccrﬁ'l(a) .. .chcrvs(g), il
g€Sn(N)

Q/K(t,Xl,...,Xs) = 1‘1‘21'0 (Xl, L, X )

n>1

— 14 Z £ Z Xoccrn (o) ‘chcr%(a).

n>1  g€Sy(A)
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Generating functions Q7 ,, QY

Introduction

Z,)\(X): Z Xoccr»y(a) and
O’ESn(A)

Q;(t,x) =1+ Z thZ’)\(X) =14 Z t" Z socery (o).

n>1 n>1  o€eS8Sy(N)
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m inverse : o L.
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Dun Qiu m reverse : 0" = 0,...00071,

m complement :
oc¢=(n+1—-o01)(n+1—02)...(n+1—0p),

Introduction

m reverse-complement : 0" = (¢")¢,
: o1
m inverse : 0",

Let o = 15324, then
0" = 42351, o€ = 51342, 0™ = 24315, 0! = 14352.
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Given any permutation pattern -+,

Introduction

QY(t,x) = Q. (%),

where x is r, ¢, rc or —1.

reason: e.g. 0 € Sp(N\) «— o € Sp(A\"),

occr (o) = occryr (o).
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following corollary.

Introduction

Corollary

Given any permutation pattern -+,
rc -1
Qia3(t, x) = Qp3(t, x) = Qp3 (£, %),

Qlso(t, %) = Qs (£, ).
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Corollary

There are 4 Wilf-equivalent classes for S,(132),
Introduction (1) Q]:!.32§(t7x)'

(2) Qf53(t, %),

(3) Q12?::’21(1:-7)() = Q%%%(tvx)'

(4) Q% (t, %),

and there are 3 Wilf-equivalent classes for S,(123),
(1) Q35(t. x) = Q3(t. x),

(2) Qf35(t,x) = Q3(t, ),

(3) QZ3(t.x).



Method — Using Dyck Path Bijections

POt An (n, n)-Dyck path is a path from (0,0) to (n, n) that stays
b"éif’f%;')"d on or below the diagonal y = x.

Dun Qiu

The return of a Dyck path P is the smallest number i > 0 such
that P goes through the point (7, 7).
Example: a (9,9)-Dyck path.

(0,0)

Introduction

return= 4
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Krattenthaler's map ¢ : 5,(132) — D,.

Introduction 9
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Elizalde and Deutsch’'s map V : §,(123) — D,,.

Introduction 9
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of Dyck paths of size n,

Introduction

D(x)

D(x)

Let D(x) be the generating function enumerating the number

D(x) = 14 xD(x)>.

Recursion of Dyck path
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We let A(o) =red(oq---0k—1) and B(o) =red(oki1 - 0n),
Introduction then A(O-) S Sk_1(132) and B(J) S Sn_k(132)

n

A(o)

B(o)
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We first consider permutations that are avoiding 132 and the
distribution of pattern of length 2, i.e. inv and coinv.

Counting
Patterns in
Sn(132) 12,21

Let Qn(x1,X2) := Qim Hoa, ),

Q(t, x1,x2) == Qf31§’21}(t,X1,X2).



Counting Length 2 pattern in S,(132)

Pattern
distribution in ]_2’2]_
S (132) and Let Qn(x1,x2) == Q,E 130 }(Xl, x2),
Sn(123) {12,21}
Dun Qiu Q(t’Xl’X2) = Ql32 (t’X17X2)

Theorem (Fiirlinger and Hofbauer)

Patterme i Qo(x1,x2) = 1
Sn(132) n
_1_k(n—k
Qu(xa, ) = Y4 Ly " Qi1 (31, x2) Qui (31, x2),
k=1
and

Q(t,x,1) =1+ tQ(t, x,1) - Q(tx, x, 1).

Q@n(qg,1) is g-Catalan number.
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Let ', = {12,21} and '3 = {123,213,231, 312,321} be sets of
permutation patterns. We shall prove the following theorem
about the function

Counting

Patterns in

Snp(132) FUF
2Ul3

Qn,132 (x1, X2, X3, X4, X5, X6, X7)

{12 21,123,213,231,312 321}
= Qi3 7 (X1, X2, X3, X4, X5, X6, X7)
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e The function Q 132 (xl,xQ,X3,X4,X5,x6,X7) satisfies the
recursion
QO(Xla X2, X3, X4, X5, X6, X7) = ]-7

Counting

Patterns in n

Sp(132

>n(132) _ k—1_k(n—k) _(k—1)(n—kK)
E:Xl X2 X5

Qn(Xla X2, X3, X4, X5, X6, X7) —
k=1
(n—k) (n—k)
. Qk—l(X1X3X5 y X2 X4 X7 » X35 X4, X5, X6, X7)

kK ok
- Qn—k(x1Xg , X2X7', X3, X4, X5, X6, X7).
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Let

P;,Y(q, X) e Z qCOiIlV(O')Xoccr,y(g)7
Counting Uesn(132)

Patterns in
Sn(132)

then

Pj(g,x) =1 for each pattern v, and
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n
P,]7'23(q,X) = Zqk_lpk—l(qX7X)Pn—k(q7X)7
k=1

Counting

n
Patterns in _ k 2)
50(132) P23(q,x) = E q“tx Py 1( x)Pn—k(g; x),

P331(q,X) = Zqk_lx(k_l)(n_k)’Dk—l(qx(n_k)7X)Pn—k(qax)a

n
Ly (0=Kn—4ki2) q q
PR a.x) = D a2 Pl X)Paik( g x):
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Expansion of 05,132 }(X1, X2, X3, Xa, X5, X6, X7)

Dun Qiu
012,21,123‘213,231,312,321
n,132 (

1

1

X1+ X2

x13><7 + x12><2)<5 + xlzxzxa + ><1x22)<4 + X§X3

x{’x;1 + x15x2x§x72 + xfx2)(5x6x72 + x15x2x62x72 + XfX22X4X§X7 + xfx§X4X62X7 + xfxzzxgxg
+xfx§><3x§’ + x13x23><3xg + xf’xg’xfn + xlzxf)gxfxs + xfxf)qxfxe + x1x25x32x3 + xzﬁxg

5 )(110x710 + )(19x2><53><77 =+ xfxzxgxax; + ><19><2x5><§><77 =+ xfxzxgx; =+ X18X22X4Xéx75 + xfx2 X4x52x62x?

+Xfx22><4xgx75 + xfx§x§x§x§‘ + XfX%XngX; + xfx%xgxgx-‘,‘ + x17x23><3><€x73 + ><17x23><3xgx63x73

+x17x23)<3xgx73 + x;’x;x;:’xéx;‘ + )(17)<23x2x63x74 + x{x;’x;;xéxg’xg + )(17)<23x4x53xgx72 + xlexg)gxgxgx%

+x16x§><3xfxgxex72 + Xfxé‘ X3xf><5xgx72 + xfxg&x}xgx% + X16X§X3XSX63 + Xfxé‘ X3X53X66

+x15x§xfx§ + X15X5’X32X42X§X7 + x{’xg’xgxfxé’n + x15x25><3x,§’x52x72 + xfx§’X3X,{’X5X5X72

+x15x25)<3xfxgx72 + xfxzﬁxé‘xg + xfxzﬁxé’xg + xfxzﬁxgxgxg)q + xfxgxgxfxg)q + Xfxzﬁxgxfxszxg

+x13x27x§xfx53 —+ xf’x;x;xgxg =+ x%x;xgxgn =+ xfx§x§x§X5 + xlzxzsxg’xfx6 + xlngx;xf =+ x210x310

X1, X2, X3, X4, X5, X6, X7)

Counting
Patterns in
Sn(132)

B W N = Ol
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ng1%53ur4(x1, ..., x21). We shall do a refinement:

Counting
Patterns in
Sn(132)



Track all patterns of length 2, 3 and 4 in S$,(132)
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Dun Qiu Let r4 == 84(132) We Want tO COmpute

Q,r,flté;ur“(xl, ..., x21). We shall do a refinement:

Counti . . 2Ul3ury
Patterns in Qn,/(Xla ce ’Xlg) = W3 (X7 1.x,... ,X19)|
Sn(132)

Xi’
then
0
@iz 0as 1) = )XY Qi 1),
=0



Track all patterns of length 2, 3 and 4 in S$,(132)
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Dun Qiu . . n
oun g Qn,i(X1y.- -, X5,¥1,-..,¥14) =0 fori <0 ori> <2>, and

Counting
Patterns in
Sn(132)



Track all patterns of length 2, 3 and 4 in S$,(132)

Pattern Theorem

distribution in

S'ét?f%;)nd QO,O(Xla"'7X57y17"'7y14) =1,

S o n
Dun Qiu o o
Qn,i(X1y.- -, X5,¥1,-..,¥14) =0 fori <0 ori> <2>, and
n itl—k 1y
j —J
. Qn,l'(xla'”7X57_y1)"'7y14): E E : XE{X2 :
Counting -
Patterns in k=1 _]:0

S5,(132) _ . . ..
st —1), (k) (o= k(Y =) +k((72 ki1

M= KD i) (n=k) (jak—1)(it1—k—7) GHk=D)(("5%)+k+j—i—1
Yi( k)yY(( 5 )—i)( )ys(j-&-k 1)(i+1—k J)yéw )(("5")+k+j—i—1)

k—1 - B k—1 a n—k ..

—j)(i+1—k—j) —J +k+j—i—1)) _

y1(3( 2)=) Y1(4$ 2)=0)(("3") ) Qeer (i,
Xoy2y K xayayd T xaysyiy K xs Yoy K v, s v14)

k k k k k
: Qn—k,i—O—l—k—j(Xl)/lOa X2Y11,X3Y12, X4Y13, X6 Y145 Y1, - - - ,)/14)~
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Given m > 2 and n > 0, we let

m . j : occrip(o) occrioz(o occrin...m(o
Counting Qr(l,1)32(x27 X37 tte 7Xm) = X2 ( )X3 ( ) © Xm m( )
Zit(tleggj " 0€8y(132)
(m) E :
0132(1.',X2,X3,..., t Qn132 X27X3,...7Xm).

n>0



Special Case: v =1---m for §,(132)
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Dun Qiu
(m) _
Q11132(X2v-- s Xm) = E

Counting (m)
Pat(teg:; n . Qk—l 130 (X2X3, X3X4, - . ., Xm—1Xm, Xm) @k 132(X2, - - - s Xm),
Sp(132 v )

Q132(t,xQ,...,xm) =1+t

m
: Q132 (tx2, X2X3, X3X4, - - + s Xm—1Xm, Xm) * 0{32)(t,xz, ey Xm)-
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Counting Length 3 pattern in S,(123)
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We also get nice recursions for patterns 132 and 231
Dun Qe distributions in S,(123).

Theorem (when v = 132)

Let Q12s(s.0:) = Tes,as) Moo o) oee),
then we have the following recursions,

Counting
Patterns in

5n(123) Qias(sia,x) = 1,

Qoa(s,0,x) = sQn1+ > Qu-1(sq, ax,x)Qn_«(s, g, X).

k=2



Counting Length 3 pattern in S,(123)
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Given o € §,(123), we let linv(o) be the number of pairs (i, )
such that o; is a left-to-right minimum, o; is not a left-to-right
minimum and o; > 0.

Dun Qiu

Counting
Patterns in
Sn(123)



Counting Length 3 pattern in S,(123)
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Given o € §,(123), we let linv(o) be the number of pairs (i, )
such that o; is a left-to-right minimum, o; is not a left-to-right
minimum and o; > 0. We define

Dun Qiu

) . LRmin occr lin: ocCr!
Sl Dn(s,a.xy) = ) stimmngreenelo)din(a) pocam(e),

Sn(123) 0€8,(123)

Dn,k(qa X, y) — Z qoccr12(U)Xlinv(a)yoccr231 (o) )
0€8,(123),LRmin(c)=k



Counting Length 3 pattern in S,(123)
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Do(s,q,x,y) = Doo(q,x,y) =1. Forany n k > 1,

Dn,l(an7Y) = qnila Dn,n(qaxay) = 17
Dn«(q,x,y) =0 for k > n, and

Dni(q,%,y) = x""%Dp_14-1(q, %, ¥) + 4“Dn_1.4(q, Xy, y)

Counting T
Patterns in n—1 min(i—1,k—1)

S5,(123) + Z Z qjxj(n—i—k+j)yj(n—i)

i=2 j=max(1,k+i—n)

- Di—1j(qy" ", xy, ¥) Dni k—j(a, x, ¥).



Special Case: v =1---m for §,(123)
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We define

. OCCr —1)...2\0
Q,(,B:.;(S,Xz, cey Xm) = g sLRmm(”)xgccrlz(U) Xy Y o )7
0€85,(123)
gounting. (m) n
tterns in -—
51(1625 Q123(t7 57X27"‘7Xm) — E t Qn7123(S,X2,X3,...,Xm).

n>0



Special Case: v =1---m for §,(132)

Pattern

distribution in Theorem

Sp(132) and
Sn(123)

(m o m
Dun Qiu Q"’ 1)23(5’ X2y ’X’") - SQIS—)I,123(5’ X2y .- 7Xm)

n
m
+ Z Q,E_)l,123(5X2, X2X3,X3X4, - - s Xm—1Xm; Xm)
k=2
(m)
: Qn_k7123(5’x27 °00 aXm)v

Counting

Patterns in and
Sp(123)

Q{gg(t, S, X0, .., Xm) =1+ t(s — 1)Q£§n3)(t,s,x2, ey Xm)
+ tQ£'27;)(t7 SX2, X2X3, X3X4, - - - y Xm—1Xm), Xm)

. Q{;’;)(t,s,xz,...,xm).
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By looking at the coefficients of the generating functions, we
find a coincidence among S,(132) and S,(123). We have the
following theorem.

Theorem

Counting For any nonnegative integers i < j,
Patterns in

Sn(123) n_i n_i

t'x = [t"x .
[ gty = (1% ] gtz 2(e.0)
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Pattern

distribution in

S,(132) and . .
Sn(123) Let S be a set of permutations and v be a permutation

Dun Qiu pattern. The popularity of v in' S, fs(7y), is defined by

fs(v) = Zoccr(’y).

c€S

Let

H(t) = Zfsn(132)(7)t" and

Applications in n>0

Pattern
Gy(t) = Zfsn(lzs)(’Y)t”,
n>0

Popularity
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Pattern
distribution in
Sp(132) and

Sn(123) Béna and Homberger studied the popularity of length 2 or 3
Dun Qiu patterns in S,(132) and S,(123).

Theorem (Bdna and Homberger)

Let C(t) := 3,50 Cnt" be the generating function of Catalan
numbers. Then

Fio(t) t2C3(t)
Applications in 2 (1 - 2tC(t))2 ’
PatternA 2
Popularity Glz(t) _ tC (t)

1—2tC(t)
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Sn(123)

Dun Qiu Our results implies the following.

Let m > 2 be an integer. Then

tC(t)Fia...(m-1)(t)

Fio..m(t) = -2t and
tC(t)Gi(m-1).-2(t)
é:tptlgiitions in GlmZ(t) — — (2tC()t) .

Popularity
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Circular Permutation Pattern Distribution

Pattern
distribution in
5,(132) and . . . .
Sn(123) Circular permutations: permutations with one cycle. CSp:

B @i the set of size n circular permutations.

m o= (01---0,) €CS, can also be expressed as
(oj-+-opo1---0j_1) forany i=1,... n.

m coccr,(o): total occurrence of « in all expressions
oj---op01---0j_1 forany i=1,...,n.

m CSp(A) when [\ = 1,2 or 3 are trivial.

m By symmetry, we only need to study circular pattern

Applications in

Circular distribution in CS,(1234), CS,(1243) and CS,(1324)

Permutations

when |A| = 4.
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Faian Let Py 1243(Y123, Y132, Y1234, Y1324, Y1342, Y1423, Y1432) i=

distribution in
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Dun Qiu 0€CS,(1243)

coccriza(o) . cocerigas(o) . coceriasz(o)
Y1342 Y1423 Y1432 :
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Circular Pattern Distribution in CS,(1243)

Faian Let Py 1243(Y123, Y132, Y1234, Y1324, Y1342, Y1423, Y1432) i=

distribution in

Snél3fg3and coccrinz(o)  coceriza(o)  coceriosa(o) . coccerizaa(o)
Sn(123) E Y123 132 1234 Y1324

Dun Qiu UECS"(1243)

coccriza(o) . cocerigas(o) . coceriasz(o)
Y1342 Y1423 Y1432 :

Theorem
For any n > 1,

Pn.1243(Y132, Y1234, Y1324, Y1342, Y1423, Y1432)

MLUl3ur
= Q,,z_l,f;;z *(y123, Y132, Y123 Y1234, Y132 Y1324, Y123 Y1342,

Applications in
Circular

Permutations Y123 Y1423, Y132 Y1432, Y1234, Y1342, Y1423, Y1234, 0, Y1432,

Y1324, Y1234, Y1342, Y1234, Y1342, Y1423, 0, Y1432)-



Circular Pattern Distribution in CS,(1324)

Patten Let Pn1324(y123, Y132, Y1234, Y1243, Y1342, Y1423, Y1432) 1=

distribution in

55(132) and coccrinz(o)  coceriza(o)  coceriosa(o) . cocerioaz(o)
Sn(123) E Y123 132 Y1234 Y1243

Dun Qiu UECS"(1324)

coccriza(o) . cocerigas(o) . coceriasz(o)
“ Y1342 Y1423 Y1432
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Circular Pattern Distribution in CS,(1324)

Pattern Let Pp1324(y123, Y132, Y1234, Y1243, Y1342, Y1423, Y1432) =

distribution in

Snél3fg3and coccrinz(o)  coceriza(o)  coceriosa(o) . cocerioaz(o)
Sn(123) E Y123 132 1234 Y1243

Dun Qiu UECS"(1324)

coccriza(o) . cocerigas(o) . coceriasz(o)
Y1342 Y1423 Y1432 )

Theorem
For any n > 1,

Pn.1324(y132, Y1234, Y1243, Y1342, Y1423, ¥1432)

UM 3Urr
= Q,,z_l,f;;z 4(}/1237}/132,}/123 Y1234, Y132 Y1342, Y123 Y1423,

Applications in
Circular

Permutations Y123 Y1243, Y132 Y1432, Y1234, Y1342, Y1423, Y1234, Y1243, Y1432, 0,

Y1234, Y1342, Y1234, Y1342, Y1423, Y1243, Y1432)-
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Open Problems

Pattern
distribution in
Sp(132) and

Sn(123)

Dun Qiu m Pattern 321 distribution in $,(123)? Longer patterns in
Sn(123)?

m Pattern distribution in CS,(1234)?

m There are some equalities of coefficients of generating
functions Q/5, and Q5.

m Other applications in pattern popularities?

m Sp(A\) when || > 47

Applications in
Circular
Permutations
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Thank You!

Applications in
Circular
Permutations
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